
 

Copyright © 2018 IJISM, All right reserved 

14 

International Journal of Innovation in Science and Mathematics 

Volume 6, Issue 1, ISSN (Online): 2347–9051 

 

Rational  Solutions  to the Johnson Equation  

and Rogue Waves 
 

P. Gaillard 
Université de Bourgogne, Institut de mathématiques de Bourgogne, 9 avenue Alain Savary BP 4787021078 Dijon Cedex, 

France : 

 
Date of publication (dd/mm/yyyy): 30/01/2018 

Abstract – Rational solutions to the Johnson equation 

are constructed as a quotient of two polynomials in x, y 

and t depending on several real parameters. We obtain 

an infinite hierarchy of rational solutions written in 

terms of polynomials of degrees 2N (N + 1) in x, and t, 4N 

(N + 1) in y, depending on 2N − 2 real parameters for 

each positive integer N. We construct explicit expressions 

of the solutions in the cases N = 1 and N = 2 which are 

given in the following. We study the evolution of the 

solutions by constructing the patterns of their modulus 

in the (x, y) plane, and this for different values of 

parameters. 
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I. INTRODUCTION 
 

We consider the Johnson equation (J) which can be 

written in the form 

(ut + 6uux + uxxx + 
𝑢

2𝑡
)x   3 

𝑢𝑦𝑦

𝑡2  = 0 

Where subscripts x, y and t denote partial 

derivatives. 
This equation first appears first in 1980, in a paper 

written by Johnson [1]. It gives the description of waves 

surfaces in shallow incompressible fluids [2]-[3]. This 

equation was widely accepted, and was later derived for 

internal waves in a stratified medium [4]. The physical 

model of this equation have the same degree of 

universality as the Kadomtsev-Petviashvili equation 

[5]. 

The first solutions were constructed in 1980 by 

Johnson [1]. Various research were led and more general 

solutions of this equation were obtained, for example, 

some special solutions were found in [6]. In 2007, some 

important classes of solutions were obtained by using 

the Darboux transformation [7]. This equation is 

dissipative and there is no soliton-like solution with a 

linear front localized along straight lines in the (x, y) 

plane. The Johnson equation allows explaining the 

existence of the horseshoe like solitons and multisoliton 

solutions quite naturally. Other extensions have been 

considered as for example the elliptic case [8]. 

In this paper, we study rational solutions of the 

Johnson equation. We presents multi parametric 

families of rational solutions as a quotient of two 

polynomials in x, y and t depending on several real 

parameters. These solutions presented belong to an 

infinite hierarchy of rational solutions written in terms 

of polynomials of degrees 2N (N + 1) in x, t and 4N (N 

+ 1) in y, depending on 
2N − 2 real parameters for each positive integer N.  

The study here is limited to the simplest cases where N 

= 1 and N = 2. 
The patterns of the modulus of the solutions in the 

(x, y) plane for different values of time t and parameters 

are studied. 

 

II. FIRST ORDER RATIONAL 

SOLUTIONS 
 

We consider the Johnson equation 

 

(ut + 6uux + uxxx + 
𝑢

2𝑡
)x  3 

𝑢𝑦𝑦

𝑡2  = 0,  (1) 

We have the following result at order N = 1 : 
Theorem 2.1. 

The function v defined by 

u (x, y, t) =  2 
𝑛(𝑥,𝑦,𝑡)2

𝑑(𝑥,𝑦,𝑡)2                  (2) 

where 
n(x, y, t) = 144x2 + (6912t + 24y2t)x + 108 + 576iyt + 

y4t4 + 82944 t2            (3) 

and 

d(x, y, t) = 144x2 + (6912t + 24y2t)x  36 + y4t2 + 

82944 t2               (4) 
Is a rational solution to the Johnson equation (1), quotient 

of two polynomials |n(x, y, t)|2 and d(x, y, t)2  of degree 4 in 

x, t and 8 in y. 

Proof 
We have to replace the expression of the solution given 

by (2) and check that (1) is verified. 

✷  

The modulus of the solution for different values of t are 

represented in the plane (x, y). It can be seen that as t tends 

to 0, the front of the solution contracts and is concentrated 

in a small strip along the y axis. 

When the time t grows, we get peaks on special curves. 
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Fig. 1. Solution of order 1 to (1), on the left for t = 0; in the center for t = 0, 01; on the right for t = 1. 

 

III. SECOND ORDER RATIONAL 

SOLUTIONS DEPENDING ON 
2 PARAMETERS 

 
The Johnson equation defined by (1) is always 

considered.  For this second order, we get the rational 

solutions given by : 
Theorem 3.1.  

The function v defined by 

u(x, y, t) = 2
𝑛(𝑥,𝑦,𝑡)2

𝑑(𝑥,𝑦,𝑡)2             (5) 

Is a rational solution to the Johnson equation  (1),  

quotient  of two polynomials 
|n(x, y, t)|2  and  d(x, y, t)2  of degree 12 in x,  t and  24 

in y depending  on 2 real parameters a1 , b1 . 
Polynomials n and d are respectively given by 

 

n(x, y, t) = A(x, y, t) + iB(x, y, t), d(x, y, t) = C (x, y, t) 

+ iD(x, y, t) with   

A(x, y, t) = ∑ 𝑎𝑘  
6
𝑘=0 (y, t)𝑥𝑘 , B(x, y, t) = ∑ 𝑏𝑘  

6
𝑘=0 (y, 

t)𝑥𝑘, 

C(x, y, t) = ∑ 𝑐𝑘  
6
𝑘=0 (y, t)𝑥𝑘 , D(x, y, t) = ∑ 𝑑𝑘  

6
𝑘=0 (y, 

t)𝑥𝑘 
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Proof 

It is sufficient to replace the expression of the solution 

given by (5) in (1) and check that the relation is 

verified. 
✷ 

The modulus of the solution for different values of t 

is represented in the plane (x, y). It can be seen that 

when the value of t increases, the maximum of the 

modulus of the solution decreases rapidly. We observe 

also the formation of horseshoes waves when time 

grows. The horseshoe multisoliton solutions correspond 

very well to real waves observed in thin films of shallow 

water. Waves with crossed parabolic profiles are also 

observed
 

Fig. 2. Solution of order 2 to (1) for t = 0, on the left a1  = 0, b1 = 0, ; in the center a1  = 100, b1 = 0, ; on the 

right a1  = 0, b1 = 100. 

 

 
Fig. 3. Solution of order 2 to (1) for t = 0, 01, on the left a1 = 0, b1 = 0; in the center a1  = 102 , b1 = 0; on the 

right a1  = 103 , b1 = 0. 

 

 
 Fig. 4. Solution of order 2 to (1) for t = 0, 1; on the left a1 = 0, b1 = 0; in the center a1 = 10, b1 = 0; 

on the right a1 = 103 , b1 = 0. 

 

 
Fig. 5. Solution of order 2 to (1) for t = 1; on the left a1  = 0, b1 = 0; in the center a1  = 102 , b1 = 0; on the 

right a1  = 103 , b1 = 0. 
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Fig. 6. Solution of order 2 to (1); on the left for t = 10, a1 = 102, b1 = 0; in the center for t = 100,  

a1 = 103, b1 = 0; on the right for t = 100, a1  = 103, b1= 103 . 

 

It is remarkable to note that coefficients of maximum 

degree in x, y, t are respectively the same ones, which 

explains the asymptotic behavior of solutions v : 

limt→∞ v(x, y, t) = 2, limx→±∞ v(x, y, t) = 2, 

limy→±∞ v(x, y, t) = 2. 
 

IV. CONCLUSION 
 

Rational solutions to the Johnson equation of order 

1 and 2 have been constructed here. 
The following asymptotic behavior has been 

highlighted: limt→∞ v(x, y, t) = 2, limx→±∞ v(x, y, t) = 

2, limy→±∞ v(x, y, t) = 2. 
In a forthcoming publication we will to give the 

general method to construct rational solutions to the 

Johnson equation at order N. 
We will show that these solutions can be written as a 

ratio of two polynomials of degrees 2N (N + 1) in x, and 

t, 4N (N + 1) in y, depending on 2N − 2 parameters. 

Moreover we will give a representation of these solutions 

in terms of Fredholm determinants, namely for every 

integer N these solutions can be written as the ratio of 

Fredholm determinants of order 2N depending on 2N − 

1 parameters. We will construct also these solutions in 

terms of of wronskians, i.e., they can be expressed as a 

quotient of wronskians of order 2N depending on 2N − 

1 parameters. 
We will present a proof of these present results and 

show the link with previous papers [9]-[10]-[11]. 
The method described in the present paper provides a 

powerful tool to get explicit solutions to the Johnson 

equation and to understand the behavior of rogue waves 

in the case of this equation. 
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