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Abstract – The division of a number n (with n ≠ 0) by zero 

is not defined (or it is considered impossible). The result of the 

division 0 / 0 is instead considered indeterminate. About the 

former case some famous mathematicians have written that 

the result is ∞. However these problems have been solved (we 

say circumvented) by the theory of limits. Here it is shown 

that these two divisions are possible and that they give a 

result without resorting to the theory of limits. 
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I. INTRODUCTION 
 

In Mathematics the division of a number n (with n ≠ 0) 

by zero is not defined (or it is considered impossible) 

because the division is the reverse of the product, hence    

n / a = b if and only if a b = n. In fact if a = 0 all numbers 

b, multiplied by 0, give 0 and not n (with n ≠ 0). 

The result of the division 0/0 is instead considered 

indeterminate. 

However on the former case (n ≠ 0) some famous 

mathematicians have stated that the result is ∞, but their 

opinion has not prevailed. At the end the theory of limits 

has provided a (partial) solution to these problems. 

Here it is shown that these two divisions are possible 

and that they give a precise result without recurring to the 

theory of limits. Moreover it is shown that Euler was right 

when he wrote that the inverse operation of division 

(multiplication) in the case of ∞ 0 gives more than a 

solution. 
 

II. DIVISION BY ZERO IN THE PAST 
 

Several scholars have tried to solve the problem of 

division by zero. 

Brahamagupta (628) claimed that 0/0 = 0, while n/0 

(with n ≠ 0) is a fraction with zero as denominator. 

 Mahāvīra (c. 830) generalized the former result of 

Brahamagupta claiming that 

n / 0 = 0                                                       (1) 

where n is any number. Hence according to Mahavira 

dividing by zero is equivalent to not dividing. 

On the contrary Bhāskara II (c. 11501) defined 

n / 0 =  ∞                                                     (2) 

Bhāskara II’s thesis was sustained by Wallis (1656), the 

mathematician who introduced the symbol ∞, and also by 

Newton (1744) and Euler (1770). 

 According to Euler a number (except zero) divided by 

zero gives infinity. The Euler's thesis that ∞ multiplied by 

0 can give more than one solution is now considered 

incorrect.  In fact it might be objected that if any number 

divided by zero gives infinity and infinity multiplied by 

zero can give any number, thus all numbers are equal and 

this seems incoherent (see Cajori, 1929). The exclusion of 

zero as a divisor is due to Ohm (1828). Moreover, as 

mentioned above, the theory of limits has provided a 

(partial) solution to this problem. 

 However, despite all this, in recent years (1950's), in a 

text for high school students, Oliver, Winters and 

Campbell have presented a discussion about tangents and 

angles of 90 degrees, supporting that n / 0 = ∞ (Blake and 

Verhille, 1985). Even more recently Barukcic and 

Barukcic (2016) have stressed that the Einstein's theory of 

special relativity (1905) can bring us to the point of 

admitting that the division of zero by zero is possible and 

that its result is 1. 

 In the next section it will be shown why division by 

zero is possible, even when the dividend is zero. 

 

III. WHY n / 0 = ∞ AND 0 / 0 = 1 
 

Division is regarded as the inverse of multiplication. If n 

can be divided into a parts whose size is b, then b is 

contained a times in n and a b = n. The expression n / a = 

b also tells us that a can be contained b times in n. 

 For what we know a segment, as small as you want, can 

be divided into infinite points whose length is 0. 

The set of infinite points in a segment has the same 

power (aleph 1) as the set of infinite points in a straight 

line. In its turn the set of points in a straight line can be put 

into bi-univocal correspondence with the set R of real 

numbers. 

 The thesis of Euler, 

∞ 0 = n                                                        (3) 

where n is every number, is correct. In other words the 

multiplication ∞ 0 gives infinite solutions being infinite the 

segments composed by infinite points whose length is by 

the way 0. On the contrary the length of a segment is not 0 

and it may be expressed by positive (or negative) numbers: 

we can represent it on a straight line. Moreover the set of 

points of each segment, whatever its length, has the same 

power (aleph 1) as the set of points of any other segment. 

Thus we have the same power of infinity for different 

lengths and then infinite solutions for n in 3. 

Now let us focus on the case in which the dividend is 

zero: 0/0. It is usually reputed that this division does not 

give any determinate result. 

 Also this problem has been circumvented by the theory 

of limits. 

 Here we state that 

0 / 0 = 1                                                       (4) 

In fact we must remember that the measure of a point in 

a straight line is 0. As we have seen, if n / a = b, then b is 

contained a times in n and a is contained b times in n. In 
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fact 1 can not be contained in 0 (more precisely 1 is 

contained 0 times in 0) while 0 can be contained 1 and 

only 1 time in 0.  A point is only a position and then that 

single point can individuate (contain) only one position: no 

other position can be individuated by that point due to the 

fact that another point, as near as you want, has a different 

position in the straight line. 

 

IV. CONCLUSIONS 
 

We have mentioned above that the problem of the 

division by zero has been circumvented by the theory of 

limits. In this theory in n / a = b we have the denominator 

(or numerator and denominator) tending to 0. In this note 

we have instead considered the case in which the 

denominator in 2 (numerator and denominator in 4) is (are) 

already 0 and, in 3, ∞ is already ∞, showing that these 

problems can be easily solved by means of simple 

geometrical visualizations. We have explained that the 

result of the division of n by 0 is ∞ if n ≠ 0 while it is 1 if n 

= 0. 

 This should not surprise us: any number, multiplied by 

0, gives 0, but after all ∞ is not a number, because no 

number is ∞. Moreover 2 tells us that ∞ can be contained 0 

times in n: in fact, for n ≠ 0, however n is great, n / ∞ is 0 

(and not 0+ or 0-) because ∞ is already ∞ (and not a 

variable which tends to ∞). In fact a number n, how big it 

is, is contained infinite times into ∞, as well as 0. 
 

REFERENCES 
 
[1] J.P. Barukcic, I.  Barukcic, “Anti Aristotle – The Division of 

Zero by Zero”, in Journal of Applied Mathematics and Physics, 

4, 2016, pp. 749-761. 

[2] Bhāskara II, “Bīja Ganita” (Elements of Algebra), circa 1150, in 

Classics of Mathematics, Available: 

https://www.geneseo.edu/~johannes/bhask.pdf. 

[3] R. Blake, C. Verhille, “The Story of 0”, in for the Learning of 

Mathematics, vol. 5 (3), FLM Publishing Association, Montreal, 

Quebec, Canada, 1985, pp. 35-46. 

[4] Brahamagupta, “Brāhmasphuta Siddhānta” (Correctly 

Established Doctrine of Brahma), 628. 

[5] F. Cajori, “Absurdities Due to Division by Zero: An Historical 

Note”, in the Mathematics Teacher, vol. 22 (6), 1929, pp. 366-

368.  

[6] A. Einstein, “Ist die Trägheit Eines Korpers von Seinem 

Energieinhalt Abhängig?” (Is the inertia of a body dependent on 

its energy content?), in Annalen der Physik, vol. 323, 1905, pp. 

639-641. 

[7] L. Euler, “Vollständige Anleitung zur Algebra” (Complete 

Introduction to Algebra), Kays. Acad. der Wissenschaften, St. 

Petersburg, 1770. 

[8] Mahāvīra, “Ganita Sara Sangraha” (Compendium of the Essence 

of Mathematics), circa 830. 

[9] I. Newton, “Opuscula Mathematica Philosophica et 

Philologica”, Johanne Castillioneus, Lausanne and Geneva, 

1744. 

[10] M. Ohm, “Versuch eines: vollkommen consequenten Systems 

der Mathemafik” (Attempt one: Completely Consistent System 

of Mathematics), vol. 1, 1828. 

[11] J. Wallis, “Arithmetica Infinitorum”, Lichfield Academiae 

Thipographi, Robinson, Oxonii, UK, 1656. 

 

 

AUTHOR’S PROFILE 
 

 

Antonio Luigi Paolilli. 

Economist at the Salento University (Italy). PHD in 

Economic Geography. He is author of papers about 

cooperation and Economic History (among others: 

About the “Economic” Origin of Altruism, The Journal 

of SocioEconomics, Elsevier, Vol. 38. (1), 60-71, 2009).  

For the IJISM he is the author of “Sets theory and Antin- 
-omies: a Note” (Vol. 5 (5), 2017). 

 

 

  
 


