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Abstract – Numerous econometricians have discussed a 

random coefficient regression model. However, little is known 

about the efficiency of Swamy estimators in random, mixed, 

and fixed coefficient regression parameters. In this paper, we 

attempt to provide some suggestions for designing the RCR 

model, using the Monte Carlo simulation. The Monte Carlo 

study provides some insight into how well the RCR model 

performs in small, medium, and large samples in the case of 

random, mixed, and fixed coefficient regression parameters. 

We found that the RCR model performs well in the sense of 

bias and variance. Nevertheless, when one or both coefficients 

have a large variation, the RCR estimator does not perform 

well and the ratio of negative variance becomes higher. 
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I. INTRODUCTION 
 

Statistical models can be characterized according to the 

type of data to which they are applied. The field of survey 

statistics usually deals with cross-sectional data describing 

each of many different individuals or units at a single point 

in time. Econometrics commonly uses time series data 

describing a single entity. Most researchers use methods of 

analysis devolved for either cross-sectional or time series 

data. 

There are varieties of statistical models that can be used 

to analyze above the cross-sectional time-series data. 

Dielman (1989) gives a comprehensive review of the 

statistical literature dealing with these models. One of these 

models is the Random Coefficient Regression model RCR 

[12]. 

The random coefficient regression model (RCR) was 

originally proposed by C. R. Rao (1965) and later extended 

by Swamy (1970, 1971, 1974) [11]. Swamy (1971) allows 

for random variation in population regression coefficients 

over cross-sectional units, and coefficients are viewed as 

fixed over time. Swamy treats both intercept and slope as 

random variables, that are distributed across units with the 

same mean and the same variance-covariance matrix [8]. 

The (RCR) model proposed by Swamy (1970) has been 

used in a number of applications including, pooled, cross-

sectional and time series data. For example, Bones & 

Frankfurter (1977) used the RCR model to examine the 

concept of risk class in finance [12]. Mehta et al. (1978) 

studied the regional demand for gasoline using the RCR 

model [12]. Model frequent applications have led to further 

improvement of estimation and try to use another approach 

to find the estimated coefficients vector. Swamy (1973) 

discusses alternative estimators for the RCR model [1]. 

Delicado and Romo (1999) present a goodness of fit test to 

the RCR model and propose bootstrap approximations, 

proving their asymptotic validity [6]. Bhaum and Gibbons 

(2001) present a general random effects regression model 

for the case of heteroscedastic measurement error [10]. 

Pesaran M. Hashem Pesaran and Yamagata (2008) propose 

a modified version of Swamy’s test of slope homogeneity 

for panel data models where the cross section dimension 

could be large relative to the time series dimension [4]. 

Several applications of Swamy’s model have appeared in 

the literature. Studies of the effects of announcements on 

security return and risk have been conducted by Dielman el 

at (1980) [12]. Aitkin et al (1981) apply the RCR model to 

analyze the impact of teaching styles on students' 

educational progress and shows how using the original 

regression model will lead to false prediction [2].  Austin et 

al (2000) again reach the same conclusion as Aitkin, but 

using medical data [9]. Hobza and Morales (2011) use the 

RCR model in social science to estimate poverty 

proportions [13]. Cartwright and Riabko (2015) used a 

random coefficient framework proposed by Swamy to 

estimate the model including the oil price [7]. 

In this article, we present a brief description of the 

Swamy RCR model, and one of the important problems 

associated with the Swamy estimator. To study the 

efficiency of Swamy RCR estimators, a Monte Carlo 

simulation was conducted and the result was recorded and 

analyzed in the next section, and supported with 3D graphs 

for further explanation. 
 

II. RANDOM COEFFICIENT REGRESSION 

MODEL 
   

The RCR model applies to a set of N cross-sectional as a 

model. 

𝑦𝑖 = 𝑋𝑖𝛽𝑖 +∈𝑖                                                     (1) 

Where each 𝑦𝑖  represents the Tx1 vector of observations 

from the 𝑖𝑡ℎ cross-section, for i = 1,… N, each 𝑋𝑖 represents 

the TxK matrix of independent variables, 𝛽𝑖 is a vector of 

unknown random parameters, and ∈i the Tx1 vector of 

random error terms. 

Swamy rewrites the coefficient 𝛽𝑖 as 

 𝛽𝑖 = �̅� + 𝑣𝑖                                                       (2) 

Where �̅� is a Kx1 vector of a fixed component, and the 

𝑣𝑖 is a Kx1 vector of random variables satisfy: 

I. 𝐸(𝑣𝑖) = 0    
𝐸(𝑣𝑖𝑥𝑖𝑡

′ ) = 0   

II. 𝐸(𝑣𝑖𝑣𝑗
′) = {

∆,        𝑖𝑓 𝑖 = 𝑗
0,        𝑖𝑓 𝑖 ≠ 𝑗

} 

Some other assumptions on Swamy’s model are as 

following: 
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1. The number of cross-sections and the sample size of 

each cross- section must be greater than the number of 

parameters needed to be estimated i.e. 𝑁 > 𝐾  &   𝑇 >
𝐾. 

2. The independent variables are non-stochastic in the 

sense that 𝑋𝑖 is fixed in repeated samples on 𝑌𝑖. The 

rank of 𝑋𝑖 is K. 

3. The ∈𝑖 are independently and identically distributed 

with 𝐸(∈𝑖)0  𝑎𝑛𝑑  𝐸(∈𝑖∈𝑖
′) = 𝜎𝑖

2𝐼𝑇 

4. The coefficient vectors 𝛽𝑖 are independently and 

identically distributed with 𝐸(𝛽𝑖) =  �̅� 𝑎𝑛𝑑 𝐸(𝛽𝑖 −

�̅�)(𝛽𝑖 − �̅�)
′
= ∆ 

5. The ∈𝑖  and 𝛽𝑗 are independent for every i and j. 

Using the equations in (1) and (2), the model can be 

written as 

𝑦𝑖 = 𝑋𝑖(�̅� + 𝑣𝑖) +∈𝑖= 𝑋𝑖�̅� + 𝑒𝑖                         (3) 

Where 𝑒𝑖 = 𝑋𝑖𝑣𝑖 + ∈𝑖. The (N) equations can be re-

written as; 

𝑌 = 𝑋�̅� + 𝑒                                                          (4) 

 

Where   𝑌(𝑁𝑇×1) = [

𝑌1

𝑌2

⋮
𝑌𝑁

] , 𝑌𝑖(𝑇×1)
= [

𝑦𝑖1

𝑦𝑖2

⋮
𝑦𝑖𝑇

],   𝑋𝑁𝑇×𝑁𝑘 =

[

𝑋1 0 … … 0
0 𝑋2 … … 0
⋮
0

⋮
0

⋮
0

⋮
…

⋮
𝑋𝑁

], 

 

       �̅�(𝑘×1) =

[
 
 
 
 
�̅�0

�̅�1

⋮
⋮

�̅�𝑘]
 
 
 
 

,      𝑒(𝑁𝑇×1) = [

𝑒1

𝑒2

⋮
𝑒𝑁

] ,  𝑒𝑖(𝑇×1)
= [

𝑒𝑖1

𝑒𝑖2

⋮
𝑒𝑖𝑇

] 

The error vector, e, is normally distributed with zero 

mean and variance-covariance matrix Ω, given by: 

𝐸(𝑒𝑒′) = 𝛺𝑁𝑇×𝑁𝐾

=

[
 
 
 
𝑋1∆𝑋1

′ + 𝜎1
2𝐼𝑇 0 … 0

0 𝑋2∆𝑋2
′ + 𝜎2

2𝐼𝑇 … 0
⋮
0

⋮
0

⋮
…

⋮
𝑋𝑁∆𝑋𝑁

′ + 𝜎𝑁
2𝐼𝑇]

 
 
 
 

Where the zeros are all TxT null matrices and ∆ is the 

variance-covariance matrix of 𝛽𝑖. If Δ and 𝜎2 are known, 

the best linear unbiased estimator of �̅� is the Generalized 

Least Squares (GLS) estimator 

  �̂̅� = (𝑋′𝛺−1𝑋)−1𝑋′𝛺−1𝑌                                       (5) 

If Δ and 𝜎2  are unknown, which is typically the case, we 

should first estimate Δ and 𝜎2, then we estimate �̅� by 

substituting the estimated Δ and 𝜎2 into (5) to get the 

Feasible Generalized Least Squares (FGLS) estimator. 

   �̂̅� = (𝑋′�̂�−1𝑋)
−1

𝑋′�̂�−1𝑌                                      (6) 

 

Swamy (1970) suggests the following unbiased and 

consistent estimators[12]: 

   �̂�𝑖
2 =

∈̂𝑖′∈̂𝑖

𝑇−𝐾
                                                                (7) 

And 

   ∆̂=
𝑆�̂�𝑖

𝑁−1
−

1

𝑁
∑ �̂�𝑖

2(𝑋𝑖′𝑋𝑖)
−1𝑁

𝑖=1                                  (8) 

Where 

    𝑆�̂�𝑖
= ∑ �̂�𝑖�̂�𝑖′

𝑁
𝑖=1 −

1

𝑁
∑ �̂�𝑖

𝑁
𝑖=1 ∑ �̂�𝑖′

𝑁
𝑖=1                    (9) 

Also, Swamy shows that the FGLS estimator given in 

(6) is equivalent to 

�̂̅� = {∑ [∆̂ + �̂�𝑖
2(𝑋𝑖′𝑋𝑖)

−1]
−1𝑁

𝑖=1 }
−1

∑ [∆̂ +𝑁
𝑖=1

�̂�𝑖
2(𝑋𝑖′𝑋𝑖)

−1]
−1

�̂�𝑖                                                   (10) 

Where �̂�𝑖 = (𝑋𝑖′𝑋𝑖)
−1𝑋𝑖′𝑌𝑖  is the Ordinary Least Square 

(OLS) estimator of 𝛽𝑖.  

Swamy showed that his estimator  β̂̅ is consistent as N →
∞ and T → ∞, and asymptotically efficient as T → ∞ under 

certain conditions. The performance of β̂̅ in small samples 

was studied in Dielman (1992).The distribution of the 

coefficient vector is invariant to translations along the time 

axis, and ∆̂ & �̂�2 are unbiased estimators for the variance-

covariance matrix ∆ and 𝜎2[11,15]     

One particular problem with Swamy’s estimators is that 

the estimators of ∆, equation (8), that he suggests, may at 

times yield negative estimates of variances. This is so 

because Swamy suggests an estimator for ∆ that is the 

difference of two matrices. Dielman in (1980) mentioned 

that negative variance estimates could be a result of using 

Swamy's estimators when the form of the covariance matrix 

of the error terms in the model is not correctly specified, 

and this may be accrued, because of misspecification 

assumptions made about homoscedasticity, serial 

correlation, or contemporaneous correlation [12]. If the 

assumptions are believed to be reasonable, and the variance 

estimates remain small or negative, it is possible that some 

coefficients are fixed. A model containing both fixed and 

random coefficients is known as a mixed random 

coefficient regression model (mixed RCR model). 

Gumpertz and Pantula in (1989) return the possibility that 

having negative variance for some coefficients can yield 

particularly when 𝜎𝑖
2 are large relative to the elements of ∆ 

[3]. Griffiths (1971) said that the greatest disadvantage with 

Swamy’s estimator is the frequency with which it gives 

negative estimates. Not only because negative values are 

meaningless, but because if retained they can led to GLS 

estimators of the 𝛽𝑖’s which perform extremely poorly in 

terms of MSE [16]. 

 

III. SIMULATION STUDY FOR SWAMY’S RCR 

ESTIMATORS 
 

A Monte Carlo simulation trailer was conducted 10,000 

times to investigate the efficiency of the estimation of the 

RCR model with two parameters 𝛽0 𝑎𝑛𝑑 𝛽1. The model 

under study is given by: 

𝑦𝑖𝑡 = 𝛽0𝑖 + 𝛽1𝑖𝑥𝑖𝑡 +∈𝑖𝑡                                     (11) 

for 𝑖 = 1,2…… ,𝑁 ; 𝑡 = 1,2, … …𝑇. 

To perform the simulation, the model in equation (11) 

was generated as follows: 
1. The value of the independent variable, 𝑥𝑖𝑡, was generated 

as independent normally distributed random variables with 

mean 𝜇𝑥, set equal to five, and variance𝜎𝑥
2, set equal to 

three. 

2. The error term, ∈𝑖𝑡, were generated as independent 

normally distributed random variables, independent of the 
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𝑥𝑖𝑡 values,  with mean set equal to zero, and standard 

deviation 𝜎𝜖, set equal to either 1, 5, or 10. 

3. Different values of N and T were chosen to be 5, 10, 15, 

20, and 50 to represent small, medium, and large samples 

for the number of individuals in each cross section and 

number of cross sections. Where 5, and 10 were chosen to 

represent the small sample, 15, and 20 represented a 

medium sample size, and finally 50 represented the large 

sample size.  

4. The parameters, 𝛽0𝑖   and  𝛽1𝑖 , were set at several different 

values to allow study of the estimator where there was a 

small or a large variety between the cross sections unit, and 

under the conditions where the model was both properly 

and improperly specified. 

The results are recorded in table I to table VIII. Each table 

is set up to show the following information: 

1. The coefficient mean estimators, �̂̅�0 and �̂̅�1, that are 

computed as in equation (10). The values shown in the first 

row of each panel of each table are the average over all 

10,000 Monte Carlo trails at a particular setting. 

2. The estimated variance of each coefficient, 𝑉𝑎𝑟(�̂�𝑘) =

∆̂  𝑓𝑜𝑟 𝑘 = 0,1 averaged over 10,000 trails is shown in the 

second row. The estimate ∆̂ was computed as the diagonal 

elements in equation (8).  

3. The bias value of the coefficient mean estimators, �̂̅�0 and 

�̂̅�1, are computed as 

               𝑏𝑖𝑎𝑠 (�̂̅�) = �̂̅� − �̅�                                (12) 

where �̂̅� is a vector of coefficient mean estimators and �̅� is 

the true vector of the coefficients mean, the bias values are 

shown in row three of each panel. 

4. The variation in estimating �̅�, is computed as the variance 

between the estimated values of �̅� during the 10,000 trails, 

and recorded in the fourth row of each panel. 

5. The bias value of the estimate of the coefficient variances, 

∆̂0 and ∆̂1, are computed as 

               𝑏𝑖𝑎𝑠(∆̂) = ∆̂ − ∆                                (13) 

where ∆̂ is a vector of coefficient variances and ∆ is the true 

vector of the coefficient variance, the bias values are shown 

in row five of each panel. 

6. The variation in estimating ∆, is computed as the variance 

between the estimated values of ∆ during the 10,000 trails, 

and recorded in the sixth row of each panel. 

7. The possibility of estimating a negative variance 

component, which has been discussed briefly, were 

recorded in row seven in each panel as a percentages of the 

negative variance estimate produced by the different 

methods during the 10,000 trails.  

 

IV. ANALYTICAL RESULT FOR SIMPLE 

RANDOM COEFFICIENT MODELS 
 

In this section, we will study the efficiency of the RCR 

model using the Swamy method in case this model contains 

random, mixed, and fixed coefficient regression 

parameters. 

The Monte Carlo simulation results for these models will 

be recorded in tables I. to table VIII. 

Table I. displays the results of a simulation study where 

the mean and the variance of the intercept parameter, 𝛽0, 

equals 10, and also the mean and the variance of the slope 

parameter, 𝛽1, is equal to the same value, i.e �̅�1 =
10 𝑎𝑛𝑑 ∆𝛽1

= 10. We will use the Swamy RCR technique 

to estimate the mean of the coefficient in the model, and to 

estimate the variance of the coefficient in the model. 

As a guide to interpreting table I, when 𝜎𝜀 = 1 and 

N=T=5, the average mean for  𝛽0and  𝛽1over all 10,000 

Monte Carlo trails when we use the Swamy method to 

estimate the variance component for the parameters, are 

9.779 and 10.025 respectively. Note that the true coefficient 

values for the mean for both parameters are 10, and the 

average variances are 9.981 and 10.002 for  𝛽0and  𝛽1 

respectively. To estimate these values from the generating 

samples, Swamy has failed around 10 % as having a non-

negative variance value. Note that this percentage should be 

zero. The variation in estimating  𝛽0 is equal to 721.616, 

and for 𝛽1 is 21.826, while the variations in estimating ∆0 

and ∆1 are 97.173 and 50.787 respectively.  

As the variation in error term increase, the efficiency of 

the estimators gets worse. For example, when the standard 

deviation of the error increases from 𝜎𝜀 = 1 to 𝜎𝜀 = 5 for 

the same sample size, N=5, the absolute value for average 

bias for �̂̅�1,  is increased from 0.025 to 1.057. In addition, 

the variation in estimating  𝛽1 is increased from 21.826 to 

7989.74. The percentage of negative variance in estimating 

∆𝛽1
is increased from 0.01% to 18.85%. When the standard 

deviation of the error increases to  𝜎𝜀 = 10, Swamy has 

failed around 56.21% to have a non-negative variance value 

for ∆𝛽0
 with the absolute value for average bias equal to 

3.765, while this percentage was 10.73% with the absolute 

value for average bias equal to 0.019 when 𝜎𝜀 = 1. 

Increasing both sample size and the number of cross 

sections have improve the estimators. Comparing a small 

sample size, N=T=5, with a medium sample size, N=T=20, 

at the same standard deviation of the error, 𝜎𝜀 = 1, 

decreases the absolute value for average bias for  𝛽0 from 

0.211 to 0.005. In addition, the variation in estimating  𝛽0 

decreases from 721.616 to 0.509. Moreover, there is a slight 

decrease in for the absolute value for average bias for 

estimating ∆0 from 0.019 to 0.018, but with a very good 

decrease in the percentage of negative variance from 

10.73% to 0%.  

The issue of the appearance of negative values for 

variances is still ongoing, even with large sample sizes, 

especially when the variation between the error terms are 

large. We can see that when 𝜎𝜀 = 10 for the sample size, 

N=50, Swamy has failed around 6% to have a non-negative 

variance value for ∆𝛽0
. 

Table II. displays the results of a simulation study when 

the mean of  𝛽0 and  𝛽1 are equal to 10, but the variances 

value is decreased from 10 to 1. This model will allow us to 

study the behavior of the RCR estimators when the 

variances of both slope and intercept parameters are 

decreased. 

Table II. shows that for a small error variation and small 

sample size, 𝜎𝜀 = 1 and N=T=10, the average mean for 

 𝛽0and  𝛽1over all 10,000 Monte Carlo trails are 10.099 and 

9.977 respectively, with a variation in estimating those 

parameters equal to 937.431 and 36.979. The absolute value 

for average bias and the variation for estimating ∆𝛽0
 is 
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0.029 and 1.366 respectively, and for ∆𝛽1
is equal to 0.007 

and 0.244 respectively. Swamy has failed 20.65% to have a 

non-negative variance value for ∆𝛽0
 and 0.02% for ∆𝛽1

 . 

The efficiency of the estimator is worse when the error 

variation increases. For example, when the standard 

deviation of the error increases to  𝜎𝜀 = 10 at the same 

sample size, N=10, Swamy has failed around 39.66% to 

have a non-negative variance value for∆𝛽1
, with the 

absolute value for average bias equal to 0.039, while this 

percentage was 0.02% with the absolute value for average 

bias equal to 0.007 when 𝜎𝜀 = 1. 

Increasing both sample size and number of cross sections 

have improve the estimators. Comparing small sample size, 

N=T=5, with a medium sample size, N=T=20, at the same 

standard deviation of the error, 𝜎𝜀 = 1, decreases the 

absolute value for average bias for �̂̅�0 from 0.071 to 0. In 

addition, the variation in estimating  𝛽0 decrease from 

481.235 to 0.076. Moreover, the absolute value for average 

bias for estimating ∆0 has decreased from 6.842 to 0.257, 

but with a very good decrease in the percentage of negative 

variances from 41.2% to 0.414%.  

The issue of the appearance of negative values for 

variances is still ongoing, even with large sample sizes 

when the variation between the error terms are large. We 

can see that when 𝜎𝜀 = 5 for the sample size, N=50, Swamy 

has failed around 20% to have a non-negative variance 

value for ∆𝛽0
, and for 𝜎𝜀 = 10, and N=50, we have around 

40% negative variances in estimating ∆𝛽0
. 

Comparing table I. with table II. at the same standard 

deviation for the error term 𝜎𝜀 = 5, and the same sample 

size and cross section, N=T=15, to study the effect of 

decreasing the variances of both slope and intercept 

parameters on the behavior of the RCR estimators, the 

results show that when the true value of coefficient 

variances for both slope and intercept are 10, the absolute 

value for average bias and the variation for estimating �̂̅�1 

are 0.013 and 3.002 respectively. Also, the absolute value 

for average bias and the variation for estimating ∆𝛽1
are 

0.007 and 16.403 respectively, with a percentage of 

estimating negative variances equal to zero percent, while 

when the true value of coefficient variances for both slope 

and intercept are 1, the absolute value for average bias and 

the variation for estimating �̂̅�1  increase to 0.071 and 14.325 

respectively, and the absolute value for average bias and the 

variation for estimating ∆𝛽1
are 0.012 and 0.373 

respectively, with an increase in the percentage of 

estimating a negative variances is 1.71% 

Table III. displays the results of a simulation study when 

the mean of  𝛽0 and  𝛽1 are equal to 10, but the variance 

value for them is not equal, the variance of  𝛽0 equal 10 and 

the variance of  𝛽1 is 1. This model will allow us to study 

the behavior of the RCR estimators when the variances of 

the intercept parameter is decreased. 

Table III. shows that for a small error variation and small 

sample size, 𝜎𝜀 = 1 and N=T=5, the average mean for 

 𝛽0and  𝛽1over all 10,000 Monte Carlo trails is 9.846 and 

10.028 respectively, with a variation in estimating those 

parameters equal to 686.401 and 27.656. The absolute value 

for average bias and the variation for estimating ∆𝛽0
 is 0 and 

375.861 respectively, and for ∆𝛽1
is equal to 0.018 and 1.492 

respectively. Swamy has failed 32.41% to have a non-

negative variance value for ∆𝛽0
 and 18.3% for ∆𝛽1

 . 

The efficiency of the estimator is worse when the error 

variation increases. Moreover, increasing both sample size 

and the number of cross sections have improve the 

estimators. 

Comparing the results of medium sample size, N=20, 

with a large sample size, N=50, at 𝜎𝜀 = 1, does not show 

that difference. But when we compare these sample sizes, 

N=20 and N=50, at 𝜎𝜀 = 10, we see that when N=20 the 

variation in estimating  𝛽0 and 𝛽1 are equal to 1161.808 and 

49.628 respectively, while for N=50 it is equal to 0.589 and 

0.035 respectively. Moreover, the percentage of negative 

variances estimating for ∆𝛽0
 and  ∆𝛽1

 are equal to 35.73% 

and 14.328%, while for N=50 it is equal to 3.5% and 0%. 

Table IV. displays the results of a simulation study when 

the mean of  𝛽0 and  𝛽1 are equal to 10, but the variances 

value for them is not equal, the variance of  𝛽0 is equal to 1 

and the variance of  𝛽1 is 5. This model will allow us to 

study the behavior of the RCR estimators when the 

variances of the slope parameter are decreased. 

Table IV. shows that for a small error variation and small 

sample size, 𝜎𝜀 = 1 and N=T=5, the average mean for 

 𝛽0and  𝛽1over all 10,000 Monte Carlo trails are 9.784 and 

10.067 respectively, with a variation in estimating those 

parameters equal to 6978.418 and 265.870. The absolute 

value for average bias and the variation for estimating ∆𝛽0
 

is 0.004 and 10.403 respectively, and for ∆𝛽1
is equal to 0.04 

and 12.788 respectively. Swamy has failed 43.65% to have 

a non-negative variance value for ∆𝛽0
 and 0.1% for ∆𝛽1

 . 

As before, the efficiency of the estimator is worse when 

the error variation increases and when increasing both 

sample size and the number of cross sections have improve 

the estimators.  

Going through table I. to IV., we notice that different 

variance values for the coefficient parameters do not affect 

the bias for both mean and variance that much. However, it 

affects the variation in estimating ∆0 and ∆1 and the 

percentage of negative variances, since decreasing the true 

value for ∆𝛽0
 and/or ∆𝛽1

 will lead to a decrease in the 

variation in estimating∆𝛽0
 and/or ∆𝛽1

, but with an increase 

in the percentage of negative variances.     

For further explanation, we used a 3D graphical Fig. to 

show the resulting variations in RCR estimations. We can 

see how the absolute bias of the coefficient regression 

parameters and their variances are affected by sample size 

and error variation. As the sample size is increased from 5 

(small sample) to 50 (large sample), the absolute bias for all 

parameters rapidly decrease. Nevertheless, regarding error 

variation it goes in the opposite direction, since as the error 

variation increases, the bias of all parameters has also 

increased. Of course, the estimators are doing well in the 

case of a large sample size with a small variation in 

disturbance, while it becomes worse in the case of a small 

sample with a large variation in disturbance.  
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Fig. (B.1) Comparing the absolute value for average bias 

for �̂̅�0 according to different sample size and different 

standard deviation of disturbance for Random Model 

 

For example, in Fig. (B.1) we notice that the bias of ∆𝛽0
 

is above 20 for N=5 and 𝜎𝜀 = 10, while it is near to zero 

when N=50 and 𝜎𝜀 = 1.  

 

Fig. (B.2) Comparing the variation in estimating �̂̅�0 

according to different sample size and different standard 

deviation of disturbance for Random Model 

 

The effect of the sample size and standard deviation of 

disturbance also applies to the variation in estimating 

parameters. As sample size increased the variation in 

estimating parameters decreased, and an increase in the 

standard deviation of disturbance leads to an increase in the 

parameters’ estimating variation. Again the estimators are 

doing well in the case of a large a sample size with small 

variation in disturbance, while it becomes worse in the case 

of a small sample with a large variation in disturbance, as 

in Fig. (B.2). 

In this part, we will study the efficiency of the RCR 

model for the model that contains both random and fixed 

parameters. This model is called a Mixed Model. 

Table V. displays the results of a simulation study when 

the mean for both coefficient parameters, 𝛽0 and 𝛽1 equal 5, 

and the variance of   𝛽0 equals 10, while the variance of  𝛽1 

is zero. This means that the fixed parameter in this model is 

the slope parameter 𝛽1. 

From table V., when 𝜎𝜀 = 1 and N=T=10, the average 

mean for  𝛽0and  𝛽1over all 10,000 Monte Carlo trails is 

4.868 and 5.024 respectively. Note that the true coefficient 

values for the mean for both parameters are 5, the average 

variances are 10.02 and zero for  𝛽0and  𝛽1 respectively. To 

estimate these values from the generating samples, Swamy 

has failed around 56 % to have a non-negative variance 

value for ∆𝛽1
. Note that we deal with 𝛽1 as a fixed 

parameter. The variation in estimating  𝛽0 is equal to 

842.753, and for  𝛽1 is 33.142, while the variations in 

estimating ∆0 and ∆1 are 29.189 and zero respectively.  

Table VI. displays the results of a simulation study when 

the mean for both coefficient parameters, 𝛽0 and  𝛽1 equal 

5, and the variance of   𝛽0 equals zero, while the variance of 

 𝛽1 is 1. This means that the fixed parameter in this model 

is the intercept parameter 𝛽0. 

Table VI. shows that, for a small standard deviation of 

error term and for a medium sample, i.e. when 𝜎𝜀 = 1 and 

N=T=15, the average mean for  𝛽0and  𝛽1over all 10,000 

Monte Carlo trails are 5.333 and 4.936 respectively. Note 

that the true coefficient values for the mean for both 

parameters are 5, the average variances are (-0.005) and 

0.999 for  𝛽0and  𝛽1 respectively. To estimate these values 

from the generating samples, Swamy has failed around 55 

% to have a non-negative variance value for ∆𝛽0
. Note that 

we deal with 𝛽0 as a fixed parameter. The variation in 

estimating  𝛽0 is equal to 1089.503and for 𝛽1 is 38.026, 

while the variations in estimating ∆0 and ∆1 are 0.126 and 

0.154 respectively.  

Table VII. displays the results of a simulation study when 

the mean for both coefficient parameters, 𝛽0 and  𝛽1 equals 

5 and the variance of   𝛽0 equals zero, while the variance of 

 𝛽1 is 5. 

Table VII. shows that when 𝜎𝜀 = 1 and N=T=20, the 

average mean for  𝛽0and  𝛽1over all 10,000 Monte Carlo 

trails is 5.037 and 4.990 respectively. Note that the true 

coefficient values for the mean for both parameters are 5, 

while the average variances are 0.001 and 5.018 for  𝛽0and 

 𝛽1 respectively. To estimate these values from the 

generating samples, Swamy has failed around 55 % to have 

a non-negative variance value for ∆𝛽0
. Note that this 

percentage should be zero. The variation in estimating  𝛽0 

is equal to 5.988 and for 𝛽1 is 0.429, while the variations in 

estimating ∆0 and ∆1 are 0.043 and 2.740 respectively.  

For table V. to VII., if the standard deviation of the error 

term has been increased, the estimators get worse while 

they have improve  if the sample size increased. 

From table VI. and VII., when we compare the results we 

notice that although the difference in the bias for �̂̅�1 

between the two tables is small, the difference in variation 

is large. Also, increasing the variance of   𝛽1 leads to 

decreasing the percentage of negative variance for ∆𝛽1
. For 

example, when 𝜎𝜀 = 5 and N=T=20, the variation in 

estimating �̂̅�1 was 109.839, but decreased to 14.34. In 

addition, the percentage of negative variance dropped from 

54.8% to 0% in table VII.  

 

 
Fig. (B.3) Comparing the absolute value for average bias 

for �̂̅�0 according to different sample size and different 

standard deviation of disturbance in Mixed Model 
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Fig. (B.4) Comparing variation in estimating �̂̅�0  according 

to different sample size and different standard deviation of 

disturbance in Mixed Model 

 

In addition, we use a 3D graphical figure for further 

explanation. We can see from Fig. (B.3) and Fig. (B.4) that 

the estimators have a high bias and variation values in the 

case of a small sample size, with a large variation in 

disturbance. Of course, these values are higher than the 

same cases in Fig. (B.1) and Fig (B.2), especially for small 

and medium sample sizes with large error variances.  

Now in this part we will study the efficiency of the RCR 

model for the model that contains fixed parameters. Table 

VIII. displays the results of a simulation study when the 

mean for both coefficient parameters, 𝛽0 and  𝛽1, equal 1. 

Moreover, since we will deal with a fixed model, then both 

parameters have variance equal to zero. 

From table VIII., when 𝜎𝜀 = 1 and N=T=5, the average 

mean for  𝛽0and  𝛽1over all 10,000 Monte Carlo trails is 

0.667 and 1.049 respectively. Note that the true coefficient 

values for the mean for both parameters are 1, and the 

average variances are (-0.468) and -0.013 for  𝛽0and  𝛽1 

respectively. To estimate these values from the generating 

samples, Swamy has failed around 61 % to have a non-

negative variance value for ∆𝛽0
 and 60% for  ∆𝛽1

. Note that 

we deal with 𝛽0and  𝛽1 as fixed parameters. The variation 

in estimating  𝛽0 is equal to 619.942 and for 𝛽1 is 22.299, 

while the variations in estimating ∆0 and ∆1 are 34.586 and 

0.042 respectively. As the variation in error term increases, 

the efficiency of estimators becomes worse, while 

increasing in both sample size and the number of cross 

sections, have improve the estimators.  

 

 
Fig. (B.5) Comparing the absolute value for average bias 

for �̂̅�0 according to different sample size and different 

standard deviation of disturbance in Fixed Model 

 

 

Fig. (B.6) Comparing variation in estimating �̂̅�0  according 

to different sample size and different standard deviation of 

disturbance in Fixed Model   

 

We used a 3D graphical figure for further explanation. 

We can see in Fig. (B.5) and Fig. (B.6), how the absolute 

bias and the variation in estimating the coefficient 

regression parameters are affected by sample size and error 

variation. All of the estimators have almost the same 

pattern, with high bias and variation values in the case of a 

small sample size and a large variation in disturbance. Of 

course, these values are higher than the same cases in Fig. 

(B.1) to (B.4), especially for small and medium sample 

sizes with large error variances 

 

V. CONCLUSION 
 

In general, we can say that the RCR model is doing well 

when both coefficients are random for a medium and large 

sample size, and the variation in disturbance is low. As the 

disturbance variation increases, the model does not perform 

well in the sense of the percentage of negative variances, 

and this also applies when decreasing the sample size. If 

both coefficient parameters have a high variance value, i.e. 

∆ has high value, the bias and the variation in estimating 𝛽 

is doing well even in a small sample size, but if both or one 

of them are decreased, then the variation in estimating 𝛽 

will be affected for a small sample size. The percentage of 

producing negative values when estimating  ∆𝛽0
 is 

increased when 𝛽 has low variance, especially for small and 

medium sample size. 

For mixed and fixed parameters, the model is not doing 

well regarding of the percentage of negative variances. The 

Swamy method has failed to get 0% in estimating negative 

variances for fixed parameters and gets this percentage only 

in some cases, such as for a mixed model of medium and 

large sample sizes when 𝜎𝜀 = 1. Finally, the variation in 

estimating the intercept parameter and its variance has a 

high values. 
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Table I. Results of RCR Estimation When 𝛽0~𝑁(10,10) and 𝛽1~𝑁(10,10) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 9.779 10.025 5.191 11.057 11.184 10.011 

∆̂ 9.981 10.002 4.641 9.655 6.235 9.825 

Bias (�̂̅�) -0.221 0.025 -4.809 1.057 1.184 0.011 

Var(�̂̅�) 721.616 21.826 207135.23 7989.74 258480.478 5273.384 

Bias(∆̂) -0.019 0.002 -5.359 -0.345 -3.765 -0.175 

Var( ∆̂) 97.173 50.787 27771.385 133.2108 136972.085 320.020 

%neg. var 10.73% 0.01% 55.98% 18.85% 56.21% 35.2% 

N 

 =  

T 

 =  

10 

 

�̂̅� 10.001 9.979 12.857 9.414 13.421 9.355 

∆̂ 10.004 10.024 9.893 9.934 9.606 9.975 

Bias (�̂̅�) 0.001 -0.021 2.857 -0.586 3.421 -0.645 

Var(�̂̅�) 1.135 1.024 124512.354 4974.336 52770.449 1961.913 

Bias(∆̂) 0.004 0.024 -0.107 -0.066 -0.394 -0.025 

Var( ∆̂) 27.821 22.060 540.618 27.625 5058.257 48.141 

%neg. var 0.09% 0% 38.12% 0.12% 50.17% 3.39% 

N  

=  

T 

 = 

 15 

 

�̂̅� 9.996 9.998 10.097 9.987 9.979 9.994 

∆̂ 10.057 10.052 9.979 10.007 10.250 10.076 

Bias (�̂̅�) -0.004 -0.002 0.097 -0.013 -0.021 -0.006 

Var(�̂̅�) 0.724 0.658 51.848 3.002 2405.235 93.249 

Bias(∆̂) 0.057 0.052 -0.021 0.007 0.250 0.076 

Var( ∆̂) 16.242 14.411 133.243 16.403 1038.674 23.508 

%neg. var 0% 0% 19.66% 0% 41.16% 0.12% 

N  

=  

T 

 = 

 20 

 

�̂̅� 01.115 01.111 01.101 ....9 10.543 9.902 

∆̂ ...10 ....9 ..119 ...19 9.683 10.038 

Bias (�̂̅�) 1.110 1.111 1.101 -1.110 0.543 -0.097 

Var(�̂̅�) 1.01. 1.010 9.199 1.0.9 1125.0004 36.129 

Bias(∆̂) -1.101 -1.119 -1.0.9 -1.109 -0.316 0.038 

Var( ∆̂) 00.0.0 01.00. 00..90 00.000 571.773 15.428 

%neg. var 0% 0% 9.000% 0% 37.62% 0% 

N  

=  

T 

 = 

 50 

�̂̅� 01.109 ...19 01.1119 ...99 01.100 ...99 

∆̂ ...90 01.001 01.190 01.110 ..091 01.019 

Bias (�̂̅�) 1.109 -1.109 1.1119 1.100 1.100 1.100 

Var(�̂̅�) 1.010 1.01. 1.919 1.000 1.009 1.090 

Bias(∆̂) 1.101 1.001 1.195 1.110 -1.000 1.019 

Var( ∆̂) 0.900 0.901 9.900 9.000 1.00. 9.090 

%neg. var 0% 0% 0% 0% 9.001% 0% 
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Table II. Results of RCR Estimation When 𝛽0~𝑁(10,1) and 𝛽1~𝑁(10,1) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 9.930 9.999 10.101 9.946 8.612 10.444 

∆̂ 0.924 0.999 0.389 0.969 -7.124 0.873 

Bias (�̂̅�) -0.071 -0.0002 0.101 -0.054 -1.388 0.444 

Var(�̂̅�) 481.235 12.628 13927.761 415.395 380125.77 10780.86 

Bias(∆̂) 0.076 0.0001 -0.611 -0.031 -6.124 -0.127 

Var( ∆̂) 6.842 0.595 4232.460 7.759 2011408.067 4558.043 

%neg. var 41.2% 1.71% 56.5% 41.96% 59.52% 58.88% 

N 

 =  

T 

 =  

10 

 

�̂̅� 10.099 9.977 7.689 10.344 9.327 10.125 

∆̂ 0.971 0.993 0.727 0.991 0.966 1.039 

Bias (�̂̅�) 0.099 -0.023 -2.311 0.344 -0.673 0.125 

Var(�̂̅�) 937.431 36.979 69662.827 1905.495 42361.538 1546.976 

Bias(∆̂) -0.029 -0.007 -0.273 -0.009 -0.034 0.039 

Var( ∆̂) 1.366        0.244 250.031 0.889 3449.968 7.454 

%neg. var 20.65% 0.02% 55.63% 12.41% 54.88% 39.66% 

N  

=  

T 

 = 

 15 

 

�̂̅� 9.984 10.003 9.594 10.071 9.825 10.035 

∆̂ 0.996 1.003 1.105 1.012 0.338 0.965 

Bias (�̂̅�) -0.016 0.003 -0.406 0.071 -0.175 0.035 

Var(�̂̅�) 1.308 0.109 451.023 14.325 2797.643 84.365 

Bias(∆̂) -0.004 0.003 0.105 0.012 -0.662 -0.035 

Var( ∆̂) 0.486 0.150 62.606 0.373 1147.953 1.941 

%neg. var 4.71% 0% 49.11% 1.86% 55.16% 25.46% 

N  

=  

T 

 = 

 20 

 

�̂̅� 10.000 10.002 9.919 10.018 10.871 9.855 

∆̂ 1.000 0.995 0.967 0.999 1.059 1.009 

Bias (�̂̅�) 0.000 0.002 -0.080 0.018 0.871 -0.144 

Var(�̂̅�) 0.076 0.051 48.444 1.582 1722.087 43.184 

Bias(∆̂) 0.000 -0.004 -0.032 -7.714𝑒−5 0.059 0.009 

Var( ∆̂) 0.257 0.108 22.650 0.230 252.876 0.659 

%neg. var 0.414% 0% 45.642% 0.228% 52.1% 8.885% 

N  

=  

T 

 = 

 50 

�̂̅� 10.001 9.998 01.100 ....0 01.110 ....9 

∆̂ 1.002 1.001 0.199 1...0 0.009 0.110 

Bias (�̂̅�) 0.001 0.001 1.100 -1.110 1.110 -1.119 

Var(�̂̅�) 0.024 0.020 1.000 1.100 1.090 1.199 

Bias(∆̂) 0.002 0.001 1.199 -1.110 1.009 1.110 

Var( ∆̂) 0.175 0.175 1.090 1.099 9.190 1.0.0 

%neg. var 0% 0% 01.000% 0% 01.009% 0% 
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Table III. Results of RCR Estimation When 𝛽0~𝑁(10,10) and 𝛽1~𝑁(10,1) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 9.846 10.028 9.958 9.928 9.756 10.117 

∆̂ 9.999 0.981 0.083 0.671 -5.114 0.493 

Bias (�̂̅�) -0.154 0.028 -0.042 -0.072 -0.244 0.117 

Var(�̂̅�) 686.401 27.656 65549.824 1699.398 66180.821 1667.105 

Bias(∆̂) -0.000 -0.018 -9.166 -0.329 -15.114 -0.507 

Var( ∆̂) 375.861 1.492 22716.709 28.612 92615.276 89.361 

%neg. var 32.41% 18.3% 58.43% 52.02% 57.71% 54.76% 

N 

 =  

T 

 =  

10 

 

�̂̅� 9.998 9.995 12.036 9.593 7.019 10.527 

∆̂ 10.005 1.007 9.639 0.982 9.319 0.986 

Bias (�̂̅�) -0.002 -0.005 2.036 -0.407 -2.981 0.527 

Var(�̂̅�) 1.126 0.106 56797.745 2247.801 42098.527 1449.086 

Bias(∆̂) 0.005 0.008 -0.361 -0.018 -0.681 -0.014 

Var( ∆̂) 27.540 0.245 489.029 1.124 4394.206 6.668 

%neg. var 0.04% 0% 37.58% 16.95% 49.71% 39.46% 

N  

=  

T 

 = 

 15 

 

�̂̅� 10.004 9.998 9.773 10.055 10.015 9.998 

∆̂ 10.006 0.999 9.889 0.998 10.199 1.016 

Bias (�̂̅�) 0.004 -0.001 -0.227 0.055 0.015 -0.002 

Var(�̂̅�) 0.727 0.067 3046.032 116.873 2409.863 120.432 

Bias(∆̂) 0.006 -0.000 -0.111 -0.002 0.199 0.016 

Var( ∆̂) 16.421 0.149 122.583 0.466 1059.405 2.082 

%neg. var 0% 0% 18.64% 4.52% 42.21% 25.47% 

N  

=  

T 

 = 

 20 

 

�̂̅� 01.119 01.111. 01.000 ...99 01.0.9 ...0. 

∆̂ ...00 0.119 01.100 0.119 01.0.9 0.101 

Bias (�̂̅�) 1.119 1.111. 1.000 -1.109 1.0.9 -1.101 

Var(�̂̅�) 1.019 1.100 09.900 0.111 0090.111 0..901 

Bias(∆̂) -1.109 0.003 1.100 1.119 1.0.9 1.101 

Var( ∆̂) 00.991 0.107 91.90. 1.092 01..900 0.109 

%neg. var 0% 0% 1.000% 1.990% 90.901% 00.901% 

N  

=  

T 

 = 

 50 

�̂̅� 01.110 ...11 01.100 ....9 01.10. ...19 

∆̂ ...09 0.109 01.010 0.109 01.100 1...1 

Bias (�̂̅�) 1.110 -1.100 1.100 -1.119 1.10. -1.100 

Var(�̂̅�) 1.010 1.101 1.0.1 1.109 1.01. 1.190 

Bias(∆̂) -1.100 1.109 1.010 1.109 1.100 -1.110 

Var( ∆̂) 0...1 1.100 0..90 1.109 9.900 1.191 

%neg. var 0% 0% 0% 0% 9.0% 0% 
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Table IV. Results of RCR Estimation When 𝛽0~𝑁(10,1) and 𝛽1~𝑁(10,5) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 9.784 10.067 0.468 11.681 10.695 9.886 

∆̂ 0.996 4.960 -8.851 4.701 -28.973 3.815 

Bias (�̂̅�) -0.216 0.067 -9.532 1.681 0.695 -0.114 

Var(�̂̅�) 6978.418 265.870 427016.31 13359.49 18112.328 506.164 

Bias(∆̂) -0.004 -0.040 -9.851 -0.299 -29.972 -1.185 

Var( ∆̂) 10.403 12.788 29987.926 81.406 352317.988 479.053 

%neg. var 43.65% 0.1% 59.69% 33.2% 61.6% 49.54% 

N 

 =  

T 

 =  

10 

 

�̂̅� 10.009 9.985 9.008 10.188 0.790 11.652 

∆̂ 0.997 4.988 0.827 5.025 0.684 4.926 

Bias (�̂̅�) 0.009 -0.015 -0.992 0.188 -9.209 1.652 

Var(�̂̅�) 4.171 0.597 13510.282 519.757 357987.84 11851.81 

Bias(∆̂) -0.003 -0.012 -0.173 0.025 -1.684 -0.074 

Var( ∆̂) 1.080 5.628 464.134 9.769 5215.377 22.009 

%neg. var 15.18% 0% 54.45% 0.97% 57.25% 12.53% 

N  

=  

T 

 = 

 15 

 

�̂̅� 9.999 9.999 10.238 9.956 8.157 10.358 

∆̂ 0.997 5.022 0.839 5.006 0.653 4.975 

Bias (�̂̅�) -0.000 -0.001 0.238 -0.044 -1.843 0.358 

Var(�̂̅�) 0.189 0.335 689.530 24.520 5993.116 222.368 

Bias(∆̂) -0.003 0.022 -0.161 0.006 -0.347 -0.025 

Var( ∆̂) 0.437 3.623 71.709 4.695 718.839 11.657 

%neg. var 3.33% 0% 51.44% 0% 54.142% 2.660% 

N  

=  

T 

 = 

 20 

 

�̂̅� 10.003 10.009 10.130 9.985 12.501 9.546 

∆̂ 0.994 4.991 0.866 4.973 0.906 5.015 

Bias (�̂̅�) 0.003 0.009 0.130 -0.014 2.501 -0.453 

Var(�̂̅�) 0.075 0.248 138.036 4.948 45139.172 1439.135 

Bias(∆̂) -0.005 -0.008 -0.133 -0.026 -0.093 0.015 

Var( ∆̂) 0.241 2.620 26.662 3.074 363.200 5.042 

%neg. var 0.371% 0% 47.642% 0% 52.557% 0.042% 

N  

=  

T 

 = 

 50 

�̂̅� 10.002 9.992 10.002 9.993 10.001 9.998 

∆̂ 1.003 4.984 1.005 5.016 1.013 5.037 

Bias (�̂̅�) 0.002 -0.007 0.002 -0.006 0.050 -0.011 

Var(�̂̅�) 0.024 0.103 0.110 0.102 0.415 0.110 

Bias(∆̂) 0.003 -0.015 0.005 0.016 0.013 0.037 

Var( ∆̂) 0.168 4.083 0.467 4.174 4.0004 4.491 

%neg. var 0% 0% 20.923% 0% 40.991% 0% 
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Table V. Results of RCR Estimation When 𝛽0~𝑁(5,10) and 𝛽1~𝑁(5,0) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 2.615 5.560 8.856 4.365 27.545 0.968 

∆̂ 9.599 -0.011 0.044 -0.284 -28.786 -1.089 

Bias (�̂̅�) -2.385 0.560 3.856 -0.635 22.545 -4.032 

Var(�̂̅�) 23747.446 1282.242 84877.103 2390.529 5980799.3 260540.2 

Bias(∆̂) -0.401 -0.011 -9.956 -0.284 -38.786 -1.089 

Var( ∆̂) 141.207 0.041 23183.807 25.487 353051.347 409.610 

%neg. var 19.6% 59.55% 57.48% 59.6% 59.81% 59.55% 

N 

 =  

T 

 =  

10 

 

�̂̅� 4.868 5.024 4.333 5.091 0.953 5.800 

∆̂ 
10.062 

-3.631e-

05 
9.932 -0.001 9.643 -0.004 

Bias (�̂̅�) -0.132 0.024 -0.667 0.091 -4.047 0.800 

Var(�̂̅�) 842.753 33.142 7666.998 335.578 131627.599 4573.942 

Bias(∆̂) 
0.062 

-3.631e-

05 
-0.068 -0.001 -0.357 -0.004 

Var( ∆̂) 29.189 9.351e-04 578.375 0.584 6967.775 9.351 

%neg. var 0.16% 55.76% 38.17% 55.75% 50.58% 55.76% 

N  

=  

T 

 = 

 15 

 

�̂̅� 5.071 4.982 5.496 4.876 5.493 4.895 

∆̂ 9.944 -0.000 9.715 -0.005 8.997 -0.023 

Bias (�̂̅�) 0.071 -0.018 0.496 -0.124 0.493 -0.105 

Var(�̂̅�) 137.107 5.675 9221.823 442.783 4496.727 194.349 

Bias(∆̂) -0.056 -0.000 -0.285 -0.005 -1.003 -0.023 

Var( ∆̂) 16.576 1.986e-04 149.988 0.124 1257.044 1.672 

%neg. var 0% 55.84% 22.31% 55.84% 45.500% 55.965% 

N  

=  

T 

 = 

 20 

 

�̂̅� .0 991 0.102 0.910 0.190 4.802 5.044 

∆̂ .01 053 1.52𝑒−5 01.090 1.1119 10.280 0.001 

Bias (�̂̅�) - .1 009 1.102 -1.900 1.190 -0.197 0.044 

Var(�̂̅�) 6.789 0.274 909..90 01.909 5667.787 224.860 

Bias(∆̂) .1 054 1.11101 1.090 1.1119 0.280 0.001 

Var( ∆̂) 12.09 5.61𝑒−5 9..911 1.190 575.550 0.561 

%neg. var 0% 00.0% 1.190% 00.0% 36.385% 55.5% 

N  

=  

T 

 = 

 50 

�̂̅� 5.016 5.000 5.021 5.002 5.028 4.997 

∆̂ 9.729 -8.085𝑒−5 9.487 -0.002 9.769 -0.000 

Bias (�̂̅�) 0.016 0.000 0.021 0.002 0.028 -0.002 

Var(�̂̅�) 0.209 0.000 0.353 0.005 0.641 0.015 

Bias(∆̂) -0.270 -8.085𝑒−5 -0.512 -0.002 -0.230 -0.000 

Var( ∆̂) 5.847 1.301 4.988 6.237𝑒−5 21.181 0.003 

%neg. var 0% 54.176% 0% 54.347% 3.934% 52.896% 
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Table VI. Results of RCR Estimation When 𝛽0~𝑁(5,0) and 𝛽1~𝑁(5,1) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 5.079 4.977 11.610 4.064 4.274 5.566 

∆̂ -0.397 0.976 -10.207 0.687 -39.504 -0.146 

Bias (�̂̅�) 0.079 -0.023 6.610 -0.936 -0.726 0.566 

Var(�̂̅�) 613.956 21.066 355983.736 9690.219 40957.38 2879.85 

Bias(∆̂) -0.397 -0.024 -10.207 -0.313 -39.504 -1.146 

Var( ∆̂) 34.569 0.729 21496.707 30.748 345745.105 428.146 

%neg. var 60.38% 5.71% 60.44% 51.96% 60.37% 57.55% 

N 

 =  

T 

 =  

10 

 

�̂̅� 5.016 4.999 10.318 4.089 -2.026 6.255 

∆̂ -0.003 1.009 -0.066 1.011 -0.277 1.010 

Bias (�̂̅�) 0.016 -0.001 5.318 -0.910 -7.026 1.255 

Var(�̂̅�) 107.367 3.909 221544.680 7303.003 496876.6 17539.5 

Bias(∆̂) -0.003 0.009 -0.066 0.011 -0.277 0.010 

Var( ∆̂) 0.634 0.248 396.195 1.475 6338.535 12.319 

%neg. var 56.1% 0.01% 56.09% 20.54% 56.1% 44.12% 

N  

=  

T 

 = 

 15 

 

�̂̅� 5.333 4.936 0.399 5.848 -2.431 6.362 

∆̂ -0.005 0.999 -0.123 1.001 -0.657 0.993 

Bias (�̂̅�) 0.333 -0.064 -4.601 0.848 -7.431 1.362 

Var(�̂̅�) 1089.503 38.026 179706.656 6169.358 177217.189 7069.555 

Bias(∆̂) -0.005 -0.001 -0.123 0.001 -0.657 -0.007 

Var( ∆̂) 0.126 0.154 78.461 0.514 1091.849 2.833 

%neg. var 55.18% 0% 55.18% 4.88% 55.444% 31.199% 

N  

=  

T 

 = 

 20 

 

�̂̅� 5.001 4.998 5.600 4.890 0.100 0.119 

∆̂ 0.001 1.003 0.028 1.0005 1...9 1.000 

Bias (�̂̅�) 0.001 -0.001 0.600 -0.109 -1.009 1.100 

Var(�̂̅�) 7.115 0.271 3275.317 109.839 001.190 0..009 

Bias(∆̂) 0.001 0.003 0.028 0.0005 1.000 -1.110 

Var( ∆̂) 0.043 0.113 27.084 0.250 099.900 0.110 

%neg. var 54.8% 0% 54.8% 54.8% 00.1 09.090 

N  

=  

T 

 = 

 50 

�̂̅� 5.003 5.001 5.003 4.999 5.020 5.0002 

∆̂ -0.0002 0.995 -0.007 1.004 0.032 1.004 

Bias (�̂̅�) 0.003 0.001 0.0003 -0.0008 0.020 0.0002 

Var(�̂̅�) 0.004 0.021 0.158 0.026 0.992 0.050 

Bias(∆̂) -0.0002 -0.004 -0.007 0.004 0.032 0.004 

Var( ∆̂) 0.0002 0.123 0.152 0.136 3.935 0.216 

%neg. var 52.387% 0% 53.395% 0% 51.967% 0% 
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Table VII. Results of RCR Estimation When 𝛽0~𝑁(5,0) and 𝛽1~𝑁(5,5) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 5.135 4.998 -7.384 7.674 13.634 3.782 

∆̂ -0.397 4.936 -10.207 4.629 -39.504 .3.763 

Bias (�̂̅�) 0.135 -0.002 -12.384 2.674 8.634 -1.218 

Var(�̂̅�) 536.312 15.809 1927677.42 84735.04 534721.4 14140.2 

Bias(∆̂) -0.397 -0.064 -10.207 -0.370 -39.504 -1.237 

Var( ∆̂) 34.569 13.199 21496.707 62.478 345745.105 518.595 

%neg. var 60.38% 0.43% 60.44% 30.24% 60.37% 50.06% 

N 

 =  

T 

 =  

10 

 

�̂̅� 4.6119 5.080 5.574 4.909 6.963 4.539 

∆̂ -0.003 5.041 -0.066 5.047 -0.277 5.049 

Bias (�̂̅�) -0.388 0.080 0.574 -0.090 1.963 -0.460 

Var(�̂̅�) 478.655 16.519 4286.654 116.966 81356.265 3653.322 

Bias(∆̂) -0.003 0.041 -0.066 0.047 -0.277 0.049 

Var( ∆̂) 0.634 5.648 396.195 9.417 6338.535 28.218 

%neg. var 56.1% 0% 56.09% 0.96% 56.1% 16.12% 

N  

=  

T 

 = 

 15 

 

�̂̅� 0..00 0.110 5.350 4.929 5.137 4.965 

∆̂ -0.009 4.999 -0.249 4.999 -0.995 4.985 

Bias (�̂̅�) -0.045 1.110 0.350 -0.071 0.137 -0.035 

Var(�̂̅�) 11.570 0.712 1538.338 51.130 593.979 25.119 

Bias(∆̂) -0.009 -0.001 -0.249 -0.001 -0.995 -0.015 

Var( ∆̂) 0.126 3.656 78.449 4.932 1255.177 10.325 

%neg. var 55.5% 0% 55.5% 0.01% 55.5% 2.6% 

N  

=  

T 

 = 

 20 

 

�̂̅� 5.037 4.990 5.127 4.979 4.755 5.045 

∆̂ 0.001 5.018 0.028 5.011 0.114 5.004 

Bias (�̂̅�) 0.037 -0.009 0.127 -0.020 -0.244 0.045 

Var(�̂̅�) 5.988 0.429 453.837 14.340 2723.29 98.643 

Bias(∆̂) 0.001 0.018 0.028 0.011 0.114 0.004 

Var( ∆̂) 0.043 2.740 27.084 3.299 433.351 5.412 

%neg. var 54.8% 0% 54.8% 0% 54.8% 0.157% 

N  

=  

T 

 = 

 50 

�̂̅� 5.002 5.018 5.021 5.016 4.788 5.048 

∆̂ -0.001 4.943 -0.098 4.898 -0.230 4.961 

Bias (�̂̅�) 0.002 0.018 0.021 0.016 -0.211 0.048 

Var(�̂̅�) 0.004 0.104 0.135 0.093 19.060 0.686 

Bias(∆̂) -0.001 -0.056 -0.098 -0.101 -0.230 -0.038 

Var( ∆̂) 0.000 1.967 0.041 0.973 1.081 1.545 

%neg. var 53.976% 0% 55.281% 0% 55.928% 0% 
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Table VIII. Results of RCR Estimation When 𝛽0~𝑁(1,0) and 𝛽1~𝑁(1,0) 

𝝈𝝐 

 

1 5 10 

𝛽0 𝛽1 𝛽0 𝛽1 𝛽0 𝛽1 

N 

= 

T 

= 

5 

 

 

�̂̅� 0.667 1.049 -0.474 1.220 -2.328 1.486 

∆̂ -0.468 -0.013 -11.834 -0.326 -46.706 -1.272 

Bias (�̂̅�) -0.333 0.049 0.526 0.220 -1.328 0.487 

Var(�̂̅�) 619.942 22.299 15159.381 551.565 61994.198 2229.949 

Bias(∆̂) -0.468 -0.013 -11.834 -0.326 -46.706 -1.272 

Var( ∆̂) 34.586 0.042 21640.514 25.901 345946.156 414.999 

%neg. var 61.03% 59.98% 61.07% 60.05% 61.03% 59.98% 

N 

 =  

T 

 =  

10 

 

�̂̅� -1.346 1.446 -10.737 3.233 -22.463 5.464 

∆̂ 0.001 0.000 0.033 0.009 0.135 0.035 

Bias (�̂̅�) -0.346 0.446 -9.737 2.233 -21.463 4.464 

Var(�̂̅�) 56899.916 2099.181 1422497.28 52479.49 5689991.0 209918.1 

Bias(∆̂) 0.001 0.000 0.033 0.009 0.135 0.035 

Var( ∆̂) 0.659 0.001 411.675 0.601 6586.211 9.613 

%neg. var 56.07% 55.41% 56.07% 55.42% 56.07% 55.41% 

N  

=  

T 

 = 

 15 

 

�̂̅� 1.246 0.931 2.232 0.656 3.465 0.313 

∆̂ 0.002 0.000 0.054 0.004 0.216 0.017 

Bias (�̂̅�) 0.246 -0.069 1.232 -0.344 2.465 -0.687 

Var(�̂̅�) 693.584 35.516 17339.608 887.893 69358.43 3551.57 

Bias(∆̂) 0.002 0.000 0.054 0.004 0.216 0.017 

Var( ∆̂) 0.129 0.000 81.072 0.127 1297.158 2.024 

%neg. var 55.043% 55.371% 55.043% 55.371% 55.043% 55.371% 

N  

=  

T 

 = 

 20 

 

�̂̅� 1.049 0.986 1.247 0.934 1.494 0.869 

∆̂ 1.996𝑒−4 2.562𝑒−5 0.004 0.0006 0.019 0.002 

Bias (�̂̅�) 0.049 -0.013 0.247 -0.065 0.494 -0.130 

Var(�̂̅�) 63.855 2.414 1596.384 60.361 6385.538 241.447 

Bias(∆̂) 1.996𝑒−4 2.562𝑒−5 0.004 0.0006 0.019 0.002 

Var( ∆̂) 0.042 5.523𝑒−5 26.470 0.034 423.530 0.552 

%neg. var 54.185% 54.957% 54.185% 54.957% 54.185% 54.957% 

N  

=  

T 

 = 

 50 

�̂̅� 0.110 1.... 0.100 1...9 1.018 0.995 

∆̂ -0.991𝑒−3 -3.673𝑒−5 -1.100 -1.110 -0.082 -0.003 

Bias (�̂̅�) 1.110 -1.1110 1.100 -1.110 0.018 -0.004 

Var(�̂̅�) 1.100 1.1119 1.00. 1.109  1.332 0.052 

Bias(∆̂) -0.991𝑒−3 -9.999𝑒−5 -1.100 -1.110 -0.082 -0.003 

Var( ∆̂) 9.199𝑒−4 0..99𝑒−7 1.001 1.1110 5.021 0.006 

%neg. var 00.011% 09.0.0% 00.101% 09.909% 54.231% 53.450% 

 


