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Abstract — In this paper we introduces in new concept 

called Isolate Inclusive set in a graph. We also define 1-

maximal isolate inclusive set and prove that a graph with an 

isolated vertex has only one 1-maximal isolate inclusive set. We 

also prove that every 1-maximal isolate inclusive set in a graph 

is an isolate dominating set of a graph. We also prove that the 

isolate domination number and the domination number of a 

graph are equal if the domination number and the total 

domination number of the graph are unequal. 
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I. INTRODUCTION 
 

The concept of an isolate dominating set was studied in 

[2]. In this paper we introduce in new concept called isolate 

inclusive set in a graph. If a set of vertices is a vertex 

independent set then it is an isolate inclusive set. The 

converse is not true in general. We also define the concept 

of a 1-maximal isolate inclusive set and prove that such a 

set is always an isolate dominating set in a graph.                                                                                      

 

II. PRELIMINARIES AND NOTATIONS 
 

If G is a graph then  V(G) will denote the vertex set of the 

graph G and  E(G) will denote the edge set of the graph  G.  

Let  S ⊂ V(G) and  v ∈ S.We say that v  is an isolate of S if 

v is an isolate vertex in the subgraph induce by the vertex 

of S. The subgraph induce by the vertex of S is usually 

denoted by< 𝑆 >. 

We will consider only simple undirected graphs with 

finite vertex set.   

 

III. DEFINITIONS AND EXAMPLES 
 

A. Definition:(Isolate Dominating Set) [2] 

Let G be a graph and S ⊂ V(G)then S is said to be an isolate 

dominating set if 

1. S is a dominating set and 

2. < 𝑆 >contains an isolated vertex. 

An isolate dominating set with minimum cardinality is 

called a minimum isolate dominating set. 

The cardinality of a minimum isolate dominating set is 

called the isolate domination number of the graph G and it 

is denoted byγ
i
(G). 

Obviously for any graph G,  γ(G) ≤ γ
i
(G) where γ(G) 

denotes the domination number of the graphG. 

B. Definition:(Total dominating set) [1] 

Let G be a graph and  S ⊂ V(G)then S is said to be a total 

dominating set if for everyv ∈ V(G), v is adjacent 

to u for some u in s. 

Obviously S is a total dominating set if and only if  

1. S is a dominating set and 

2.< 𝑆 >has no isolated vertex. 

The total domination number of a graph is the cardinality 

of a minimum total dominating set of the graph. The total 

domination number of a graph is denoted byγ
t
(G). 

If a graph has no isolate vertices thenγ(G) ≤ γ
t
(G). 

Now we introduce a new concept called isolate inclusive 

set for a graph. 

C. Definition:(Isolate Inclusive set) 

Let G be a graph and S be a nonempty subset of  V(G) 

then the  S is said to be an isolate inclusive set if the < 𝑆 > 

has an isolate vertex. 

We will often write an isolate inclusive set as isoinc set. 

D. Example: Consider the cycle graph 𝐶5 with 5 vertices 

{1, 2, 3, 4, 5}. 

 

 
 

Let S = {1,2,4} then S is an Isoinc set. 

Note that every vertex independent set is always Isoinc 

but the converse is not true in general. 

A superset of an Isoinc set did not be an Isoinc set and A 

subset of an Isoinc set did not be an Isoinc set. 

E. Definition: (maximum isoinc set) 

Let G be a graph. An isoinc set with maximum cardinality 

is called maximum isoinc set. The cardinality of a 

maximum isoinc set is denoted as β
is

(G). 

F. Definition: (1-maximal isoinc set) 

Let G be a graph and S be a isoinc set of G. Then S is said 

to be 1-maximal isoinc set if S ∪ {v} is not an isoinc set. 

We may note that every maximum isoinc set is a 1-

maximal Isoinc set. 

 

IV. MAIN RESULT 
 

A. Theorem: Let 𝐺 be a graph and 𝑆 ⊂ 𝑉(𝐺) be an Isoinc 

subset of 𝐺. Then 𝑆 is 1-maximal if and only if for every 

𝑢 ∈ 𝑉(𝐺) − 𝑆, u is adjacent to all isolated vertices of < 𝑆 >. 
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Proof : Suppose S is a 1-maximal and letu ∈ V(G) − S. 

Then S ∪ {u} is not an Isoinc set of G. 
Therefore it has no isolated vertices but < 𝑆 >has 

isolated vertices. Therefore u must be adjacent to all 

isolated vertices of < 𝑆 >. 
Conversely suppose condition is satisfied. 

Let  u ∈ V(G) − S then by the given condition subgraph 

S ∪ {u} has no isolated vertices. 

Thus S is 1-maximal 

B. Proposition : Let 𝐺 be a graph,  𝑆 ⊂ 𝑉(𝐺) be a 1-

maximal Isoinc set and 𝑣 be an isolate vertex of 𝐺 then𝑣 ∈
𝑆 . 

Proof : Suppose 𝑣 ∉ 𝑆 then 𝑣 is an isolated vertex in the 

induce subgraph of 𝑆1. 
Where  𝑆1 = 𝑆 ∪ {𝑣} .  

Therefore 𝑆1is an isolate Inc set. 

Which is a contradiction. 

Therefore 𝑣 ∈ 𝑆. 
C. Proposition : Let 𝐺 be a graph and 𝑣 ∈ 𝑉(𝐺) such that 

𝑑(𝑣) = 𝛿(𝐺) then 𝑉(𝐺) − 𝑁(𝑣) is a maximum isoinc set of 

 𝐺. 

Proof : Let T = V(G) − N(v) then  v ∈ T  and v is an isolate 

vertex of < 𝑇 >. 

Thus T is a isoinc set in G. 

Now we claim that T is a maximum isoinc set of G supoose 

not. 

Let S be an isoinc set such that |T| ⊂ |S|. 
Let x be a vertex of  S such that x is an isolate vertex in <
𝑆 > then N(x) ⊂  V(G) − S and                              

therefore S ⊂ V(G) − N(x) . 

Thus |T| = |V(G) − N(v)|which is lessthan|V(G) − N(x)| 
Therefore δ(G) = |N(v)| which is greaterthan|N(x)| =
d(x). 

Thus d(x) < 𝛿(G)which is absent. 

Thus T is maximum isoinc set.  

Now we prove that the converse of the above proposition. 

D. Theorem : Let G be a graph and T be a maximum isoinc 

set of G then there is 𝑣 ∈ 𝑇 such that 𝑑(𝑣) = 𝛿(𝐺)and 𝑇 =
𝑉(𝐺) − 𝑁(𝑣). 

Proof : Let v be any isolated vertex of < 𝑇 > then N(v) ⊂
V(G) − T 

ThereforeT ⊂ V(G) − N(v). 

Now V(G) − N(v) is an isoinc set of G and also note that T 

is a maximum isoinc set of G. 

Therefore  T =  V(G) − N(v). 

Suppose d(v) > 𝛿(𝐺). 

Let x be a vertex of G such that d(x) = δ(G). 
By above theorem C,V(G) − N(v)is a maximum isoinc set 

of G. 

Since d(v) > 𝑑(x), 
|N(V(G) − N(v))| < |N(V(G) − N(x))|. 
Then this implies that V(G) − N(v) is not a maximum 

isoinc set of G. 

Which is contradiction. 

Thus  d(v) = δ(G). 
E. Theorem : Let G be a graph and S ⊂ V(G)  then s is a 

maximum isoinc set if S = V(G) − N(v) for some vertex 

𝑣in S ,degree of  𝑉 = 𝛿(𝐺). 

Proof: Suppose S is a isoinc set of G and 𝑣 ∈ 𝑆 be such 

that d(v) = δ(G)&S = V(G) − N(v) 

Then S is a maximum isoinc set. 

From proposition C it is clear that V(G) − N(v)  is 

maximum isoinc set of G. 

Therefore S is also maximum isoinc set of G. 

F. Corollary : If 𝐺 is a graph which has a isolate vertex x 

then 𝑉(𝐺) is the only maximum isoinc set. 

Proof : Let v be a isolate vertex in V(G)thenN(v) = ∅. 

Now V(G) − N(v) is a maximum isoinc set of G. 

Therefore V(G) is a maximum isoinc set of G. 

Since any proper subset of V(G) has cardinality < |V(G)|, 
it cannot be maximum isoinc set of G. 

Then V(G) is the only maximum isoinc set of G  

Now we prove that if the < 𝑆 >⊂ 𝑉(𝐺) has maximum 

number of isolated vertices then this set must be maximum 

independent set. 

G. Theorem : Let 𝐺 be a graph &𝑆 ⊂ 𝑉(𝐺) be such that <
𝑆 > has the maximum number of isolated vertices then 𝑆 is 

a maximum independent set of  𝐺. 

Proof : Let S1 be the set of all isolated vertices of < 𝑆 >. 

Let M be a maximum independent set of  G then |S1| ≥ |M | 
which is equal to β

0
(G). 

Note that S1 itself an independent set of  G with |S1| ≥ |M |. 
Therefore |S1| = |M |. 
Thus  S1 is a maximum independent set of  G. 

Suppose  |S| > |S1|. 
Let x ∈ S such that  x ∉ S1. 

Since S1 is a maximum independent set, x is adjacent to 

some vertex y of S1 but then this means that y is not an 

isolated vertex in the < 𝑆 >. 

Which is a contradiction . 

Thus |S1| =  |S| and hence S1 = S and therefore S is a 

maximum independent set of  G 

H. Remarks : 

1. Thus set S is a maximum isoinc set if and only if S =
V(G) − N(v) for some vertex vwith d(v) = δ(G). 

2. It follows that if a graph has an isolated vertex then 

V(G) is the only maximum isoinc set of G. 

3. If |V(G)| = n then β
is

(G) = n − δ(G). 

4. If there are j vertices with minimum degree in the given 

graph then there are atmost   j maximum isoinc sets in 

G. 
I. Theorem : Let 𝐺 be a graph. Then 𝑉(𝐺) is the only one 

1-maximal isolate Inc set of 𝐺 if and only if 𝐺 contains an 

isolated vertex. 

Proof : Suppose V(G) is the only one 1-maximal isolate 

Incset of  G  then V(G)contains an isolated vertex. 

Thus V(G) has an isolated vertex. 

Conversely, suppose G has an isolated vertex. Suppose 

there is only one 1-maximal Isoinc set S ⊂ V(G)such that 

S ≠ V(G). Now by the above Proposition B, all the isolated 

vertices of the G are in S. 
Let u ∈ V(G) − S. 

Since S is 1-maximal u is adjacent to all isolated vertices of  

< 𝑆 > 

Therefore u is adjacent to all isolated vertices of  G.(which 

are in S) this is not possible. 

Therefore S = V(G) 
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J. Theorem : Let 𝐺 be a graph  for which 𝛾(𝐺) ≠ 𝛾𝑡(𝐺) 

then 𝛾0(𝐺) = 𝛾(𝐺). 

Proof : We already know thatγ
0

(G) ≥ γ(G). 

Let S be a minimum dominating set of G then  |S| < γ
t
(G) 

Therefore it cannot happen that all the vertices of induce 

subgraph of S are non isolated vertices. (because otherwise 

S  would become a total dominating set with |S| < γ
t
(G)) 

So, induce subgraph of S must contain an isolated vertex. 

Therefore γ
0

(G) ≤ |S| which equal to γ(G). 

Therefore  γ(G) ≤ γ
0

(G) ≤ |S| = γ(G) . 

Thereforeγ
0

(G) = γ(G) 

K. Theorem : Let 𝐺&𝐻be two graphs. 

(1) Suppose S is an isoinc set of G and T is an isoinc set of 

H then S × T  is an isoinc set of  G ▭ H. 

(2) If S × T  is an isoinc set of G ▭ H then S &𝑇are an 

isoinc sets of G &𝐻 respectively. 

Proof : (1) supposeS &𝑇 are an isoinc sets of G &𝐻 

respectively. 

Let x0  be an isolated vertex of the  < 𝑆 > and y0  be an 

isolated vertex of the  < 𝑇 >. 

If order pair x0y0 is not isolated vertex in the < 𝑆 × 𝑇 > 

then x0y0 is adjacent to some vertex {a,b} of S × T. 

Then one of the following holds. 

I. x0 = a &𝑦0is adjacent to b , in this case  y0 is not 

 isolated in T which is contradiction. 

II. y0 = b &𝑥0 is adjacent to a which is again 

 contradiction 

Therefore x0y0 is not isolated vertex in the < 𝑆 × 𝑇 > 

Thus S × T  is an isoinc set of  G ▭ H. 

(2) SupposeS × T  is an isoinc set of  G ▭ H. 

Let x0y0 be an  isolated vertex in the < 𝑆 × 𝑇 >. If x0 is 

not isolated in S then for some x in S, x0 is adjacent to x 

then x0y0  will be adjacent to {xy0}in G ▭ H. 

Which is contradiction. 

Similarly it can be prove that  y0  is an isolated vertex in 

the < 𝑇 >. 

       Thus S &𝑇are an isoinc sets of G &𝐻 respectively.  

 

V. CONCLUSION 
 

We have considered isoinc set in this paper & also we have 

define 1-maximal isolate inclusive sets. It may be 

interesting to consider 1-maximal isolate inclusive sets with 

minimum cardinality. Infect these sets are isolate 

dominating sets we can define one maximal isolate 

domination number in a natural way and it can be compared 

with isolate domination number of a graph. 
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