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Abstract - Kriging was developed by D.G. Krige, a South 

African mining engineer. It has of different types of which the 

prime objective is to have the best estimate of the value. This 

paper uses the article of Danny Dorsel and Timothy La Breche 

on kriging. However, the researcher made a backdrop review 

on the concept of variogram as the preliminary procedure for 

kriging. An illustration of constructing a variogram is 

presented using a set of 160 data randomly extracted from a 

set of 400 observations. The illustrated model variogram is a 

spherical variogram. 
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I. INTRODUCTION 
 

In spatial data analysis, gathering of data may be costly 

and may not even be gathered at all due to several factors, 

that is, the data needed may not be acquired. But this 

problem can be treated by the interpolation procedure of 

estimating unavailable data. A method of interpolation that 

determines the unknown spatial values using known values 

from data observed at certain locations is called kriging. 

This method was named after a South African mining 

engineer D.G. Krige who developed this procedure to 

predict ore reserves. And this becomes a fundamental tool 

in the field of geostatistics over the years. Geostatistics is a 

field of applied statistics in which the original purpose is 

centered on estimating the changes of ore grade in a mine 

that was developed by George Matheron of the Center de 

Morophologie Mathematicque in Fontainebleau, France. 

However, the principles are also applied to other areas of 

geology, meteorology, ecology and other scientific 

disciplines. 

The parameter to be interpolated using this procedure is 

assumed to be treated as a regionalized variable in which it 

varies in a continuous manner from one location to another 

such that points that are close to each other are spatially 

correlated at certain degree while the points that are 

separated are statistically independent. Kriging uses 

variogram to express the spatial variation and it minimizes 

the error of the estimated value. 

  

II. OBJECTIVES 
 

The main objective of the study is to present the concept 

of kriging. It aims to 

1. Make the known the concept of kriging and its different   

types. 

2. Introduce the concept of variogram in relation to 

kriging. 

3. Present some procedures to construct a variogram. 

III. SCOPE AND LIMITATION 

 

Kriging has of different types in which the prime 

objective is to have the best estimate of the value. This 

paper uses only one of the types of kriging which is the 

ordinary kriging in estimating the values. This method is the 

most commonly among the kriging procedures. 

 

IV. METHODOLOGY 
  

An illustration of constructing a variogram is presented 

using a set of 160 data randomly extracted from a set of 400 

observations. For every pair of these measurements, the 

distances d separating the pair and the corresponding 

difference in thickness of coal deposits v are calculated. The 

illustrated model variogram is a widely accepted type called 

spherical variogram which is not as simple as linear 

variogram. 

 

V. VARIOGRAM 
 

Variogram, which is sometimes called the 

semivariogram, describes the nature of spatial correlation. 

This may also give information about the correlation 

between points that are separated by spatial distances. A 

variogram summarizes the relationship between differences 

in pairs of measurements and the distance of the 

corresponding points from each other. The pairs of 

measurements are taken from spatial points that are 

approximately close to each other to describe the continuity 

of the measurements in space. The procedure makes use of 

data sets in two dimensions, one in terms of the distance 

difference between two points and the second one, the 

corresponding difference in the measurements of interest 

from the same pair of points. Usually the procedure makes 

use of large data sets and can be done using statistical 

software such as SAS and many other packages for 

geostatistics.  

Variogram has two varieties - the experimental or 

empirical variogram, and the model variogram. An 

experimental variogram is obtained by smoothing the data 

to some extent to highlight the trend. And, a model 

variogram is obtained by fitting a mathematical function to 

the data. 
 

VI. APPLICATIONS OF VARIOGRAM 
 

Some applications of variogram are: rainfall mapping in 

meteorology; mineral deposits in geology; vegetation cover 

in ecology; thickness of coal deposits in geology; oil spills 

in oceans and others. The variogram procedure has a wide 

range of applications in environmental management since it 

deals with spatial data. 
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VII. GENERAL FEATURES OF VARIOGRAM 
 

The general features of variogram as discussed by                 

G.W. Horgan and R.M. Sharp are the following: 

i) Variance usually increases with distance apart of 

measurements. 

ii) Variance levels off at a point where the variance no 

longer increases. This point is denoted as sill beyond 

which observations appear independent.  

iii.) When a variogram is extrapolated back to zero 

distance, it may approach a non-zero variance. The 

amount by which the variance differs from zero is 

known as the nugget variance. 

 

VIII. A MODELLING VARIOGRAM 
 

Oftentimes, a smooth curve is fitted to describe the 

change in variance (v) with distance (h). Some of the 

models used for curve fitting include the following: 

 

i) Linear Model:  
This is a simple model with no sill. 

𝑣 = 𝑐0 + 𝑐1ℎ 

ii) Spherical Model: 
This model has sill and is widely used. 

 

𝑣 = {
𝑐0 + 𝑐 [1.5

ℎ

𝑎
− 0.5 (

ℎ

𝑎
)

3

] , ℎ < 𝑎

𝑐0 + 𝑐, ℎ > 𝑎

 

 

 iii.) Exponential Model: 
 

𝑣 = 𝑐0 + 𝑐 (1 − 𝑒−
ℎ
𝑏) 

where  

𝑐0 = Nugget; 

𝑎 = Sill range; 

ℎ = Separation distance; 

𝑣 = Variance; 

                           𝑐0 + 𝑐 = Asymptotic variance. 

 

IX. ILLUSTRATION 
 

Suppose the values found below are the thickness of coal 

deposits at different location points. The points are spatially 

located in an area. The objective is to find out if thickness 

is spatially correlated with proximity among neighbouring 

points. The table below presents 160 locations itemized in 

inches from 400 observations. 

 

 

Table 1. Thickness of Coal Deposits in 160 locations. 
22 39 38 67 46 1 46 73 95 51 92 68 33 64 77 73 

43 36 58 32 35 35 88 56 73 64 74 62 55 73 105 80 

45 15 34 28 35 89 113 45 54 44 49 59 94 58 85 112 

18 24 51 88 65 41 47 20 46 94 76 97 73 94 41 95 

83 70 104 81 85 120 186 87 85 86 34 40 49 61 103 99 

105 87 103 64 58 77 97 87 81 65 85 83 44 97 67 98 

135 100 115 100 46 44 81 51 27 81 81 62 95 96 67 82 

76 140 100 95 63 78 98 83 66 56 79 71 92 85 87 92 

82 54 61 97 90 21 57 10 77 83 48 75 100 62 101 75 

94 87 90 104 99 50 83 81 77 68 79 80 97 74 102 78 

For every pair of these measurements, the distance 𝑑 separating the pair is calculated. The corresponding difference in 

thickness of coal deposits v is likewise calculated. 

 

X. PRODUCING A VARIOGRAM 
 

There are 160 data items and these provide 12,720 pairs 

of observations (
160×159

2
). Pairs of points are grouped by 

their separation distances(𝑑). For each group, the mean 

squared difference s in coal deposits thickness is estimated 

as a function of the distance separating points. The 

separating distances were grouped into 10 classes from zero 

meters to a maximum of 120 meters. After calculating the 

mean squared difference between pairs of measurements 

within a group, the results are shown in the table below: 

 
SEPARATION 

DISTANCE 
NUMBER OF 

PAIRS 
MEAN SQUARED 

DIFFERENCE 

0-12 0 * 

13-24 14 448.8 

25-36 1011 600.5 

37-48 2015 705.6 

49-60 1503 800.2 

61-72 2023 899.5 

73-84 2100 900.8 

85-96 1211 900.2 

SEPARATION 

DISTANCE 

NUMBER OF 

PAIRS 

MEAN SQUARED 

DIFFERENCE 

97-108 1678 901.8 

109-120 1165 899.9 

TOTAL 12,720  

 

XI. FITTING THE SPHERICAL MODEL 
 

From the illustration, the spherical model was fitted. 

First, the value for 𝑎 = 90.5 based on the tabulated values 

(Table 2). Based on the suggested equation for spherical 

variogram, the corresponding values for 𝑐 and 𝑐0 were 

computed using the values 𝑑1 = 18.5 and 𝑠1 = 448.8 and 

𝑑2 = 30.5 and 𝑠2 = 600.5 in the equations below to solve 

the parameters of spherical variogram. 

 
 

488.8 = 𝑐0 + 𝑐 [1.5
18.5

90.5
− 0.5 (

18.5

90.5
)

3

] 

600.5 = 𝑐0 + 𝑐 [1.5
30.5

90.5
− 0.5 (

30.5

90.5
)

3

] 
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Solving the linear equations simultaneously, the obtained 

parameters are the following: 

 

𝒄𝟎 = 𝟑𝟎𝟓. 𝟐𝟔𝟖 

𝒄 = 𝟔𝟎𝟔. 𝟗𝟗𝟗 

𝒂 = 𝟗𝟎. 𝟓 

 

Therefore, the spherical model is given by: 

 

𝒗 = {𝟑𝟎𝟓. 𝟐𝟔𝟖 + 𝟔𝟎𝟔. 𝟗𝟗𝟗 [𝟏. 𝟓
𝒉

𝟗𝟎. 𝟓
− 𝟎. 𝟓 (

𝒉

𝟗𝟎. 𝟓
)
𝟑

]

𝟑𝟎𝟓. 𝟐𝟔𝟖 + 𝟔𝟎𝟔. 𝟗𝟗𝟗, 𝒉 > 𝟗𝟎. 𝟓

, 𝒉

< 𝟗𝟎. 𝟓 
 

The results of this variogram analysis can now be used 

for kriging. 

 

XII. ORDINARY KRIGING 
 

Ordinary kriging, also known as punctual kriging, is one 

of the types of kriging that estimates the values using 

weighted linear combinations. In this type, variogram is 

constructed which consists of two parts: an experimental 

and a model variogram. The experimental variogram is 

obtained by getting the variance of each point to all other 

points and the variances are plotted against the distances 

between points. Then the model variogram will be defined 

after the experimental variogram is calculated. A model 

variogram is just a mathematical function that models the 

trend of the experimental variogram. And this model 

variogram is used to compute the weights. The equation 

used is: 

 

 𝒀𝑬,𝑷 = ∑ 𝑾𝒀                                                        (𝟏) 

 

where W denotes the weights, Y corresponds to the observed 

values while 𝒀𝑬,𝑷 is the estimated value at points, say, p. 

The difference from this estimated value and the actual 

value at point p, 𝒀𝑨,𝑷 is called the estimation error denoted 

as: 

 

 𝜺𝑷 = (𝒀𝑬,𝑷 − 𝒀𝑨,𝑷)                                                 (𝟐) 

 

The scatter of the estimates about the true value is termed 

the error or estimation variance, 

 

   𝒔𝝉
𝟐 =

∑ (𝒀𝑬,𝑷 − 𝒀𝑨,𝑷)
𝒊

𝟐𝒏
𝒊=𝟏

𝒏
                                   (𝟑) 

 

or as its square root, known as the standard error of the 

estimate: 

 

               𝒔𝝉 = √𝒔𝝉
𝟐                                                 (𝟒) 

 

Kriging tries to have optimal weights such that the 

estimates will be unbiased with a minimum estimation 

variance. These weights can be obtained through the 

solution of the simultaneous equations: 

𝑾𝟏𝜸(𝒉𝟏𝟏) + 𝑾𝟐𝜸(𝒉𝟏𝟐) + 𝑾𝟑𝜸(𝒉𝟏𝟑) = 𝜸(𝒉𝟏𝒑
) 

             𝑾𝟏𝜸(𝒉𝟐𝟏) + 𝑾𝟐𝜸(𝒉𝟐𝟐) + 𝑾𝟑𝜸(𝒉𝟐𝟑) = 𝜸 (𝒉𝟐𝒑
)      (5) 

𝑾𝟏𝜸(𝒉𝟑𝟏) + 𝑾𝟐𝜸(𝒉𝟑𝟐) + 𝑾𝟑𝜸(𝒉𝟑𝟑) = 𝜸(𝒉𝟑𝒑
) 

 

where 𝜸(𝒉𝒊𝒋) is the semivariance between control points i 

and j corresponding to the distance between them, h.  

The following equation is added so that the solution is an 

unbiased one: 

 

                           𝒘𝟏 + 𝒘𝟐 + 𝒘𝟑 = 𝟏                            (6) 

 

And to obtain a minimum estimation error, a fourth 

variable called the Lagrange multiplier, 𝝀 is introduced. 

Then the final set of equations is as follows: 

 

𝑾𝟏𝜸(𝒉𝟏𝟏) + 𝑾𝟐𝜸(𝒉𝟏𝟐) + 𝑾𝟑𝜸(𝒉𝟏𝟑) = 𝜸(𝒉𝟏𝒑) 

             𝑾𝟏𝜸(𝒉𝟐𝟏) + 𝑾𝟐𝜸(𝒉𝟐𝟐) + 𝑾𝟑𝜸(𝒉𝟐𝟑) = 𝜸(𝒉𝟐𝒑)       (7)         

𝑾𝟏𝜸(𝒉𝟑𝟏) + 𝑾𝟐𝜸(𝒉𝟑𝟐) + 𝑾𝟑𝜸(𝒉𝟑𝟑) = 𝜸(𝒉𝟑𝒑) 

 𝑾𝟏 + 𝑾𝟐 + 𝑾𝟑 + 𝟎 = 𝟏 

 

Then the equations in matrix form are the following: 

 

[

𝜸(𝒉𝟏𝟏) 𝜸(𝒉𝟏𝟐) 𝜸(𝒉𝟏𝟑) 𝟏

𝜸(𝒉𝟐𝟏) 𝜸(𝒉𝟐𝟐) 𝜸(𝒉𝟐𝟑) 𝟏

𝜸(𝒉𝟑𝟏)
𝟏

𝜸(𝒉𝟑𝟐)
𝟏

𝜸(𝒉𝟑𝟑)
𝟏

𝟏
𝟎

] ∘ [

𝑾𝟏

𝑾𝟐

𝑾𝟑

𝝀

] =

[
 
 
 
 
𝜸(𝒉𝟏𝒑)

𝜸(𝒉𝟐𝒑)

𝜸(𝒉𝟑𝒑)

𝟏 ]
 
 
 
 

 (8) 

or in general terms, 

 

      [𝑨] ∘ [𝑾] = [𝑩]                                                               (𝟗) 
 

The unknown coefficients [𝑾] can now be solved using 

the matrix equation. The values in matrix A and B are taken 

from the semivariogram or the mathematical expression 

describing its form. Once the weights are determined, the 

value to be interpolated is then computed from the equation: 

 

      𝒀𝑬,𝑷 = 𝑾𝟏𝒀𝟏 + 𝑾𝟐𝒀𝟐 + 𝑾𝟑𝒀𝟑                          (10)                            

 

and an estimation variance can be calculated by 

 

   𝒔𝝉
𝟐 = 𝑾𝟏𝜸(𝒉𝟏𝒑) + 𝑾𝟐𝜸(𝒉𝟐𝒑) + 𝑾𝟑𝜸(𝒉𝟑𝒑) + 𝝀    (11) 

 

XIII. RESULTS 
 

Ordinary kriging is primarily a local neighbourhood 

estimator. The mean is estimated using the nearby data 

points, so that there is no need to estimate a first-order trend. 

It strays only to the local mean. When the location being 

estimated is far from the known and measured locations, the 

difference in estimates becomes large. Ordinary kriging 

requires matrix inversions but is manageable since only a 

small number of nearby locations are used. 

There are a number of mathematical models for 

variogram other than the linear variogram. One can explore 

using Gaussian model having the equation 

 

𝛾(ℎ) = 𝑐 + (𝑆 − 𝑐){1 − exp (−3ℎ2 𝑎2)}⁄  
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It can be explored with the spherical model which is 

 

𝛾(ℎ) = {𝑐 + (𝑆 − 𝑐){1.5 (
ℎ

𝑎
) − 0.5(ℎ 𝑎⁄ )3

𝑐, otherwise
 

 

Exponential model also can be used as an alternative 

exploration with the equation 

 

𝛾(ℎ) = 𝑐 + (𝑆 − 𝑐){1 − exp (−3ℎ 𝑎)⁄  

 

and the power model with equation 

 

𝛾(ℎ) = 𝑐 + 𝐴ℎ𝑤 

 

XIV. CONCLUSIONS 
 

The four models: Gaussian, spherical, exponential, and 

power have c which is the nugget effect, sill denoted by S 

and a range of influence, a. The function for the power 

model increases to infinity as h increases. In the spherical 

model, the sill is reached when ℎ = 𝑎. As𝛾(𝑎) = 𝑐 +
0.95 (𝑆 − 𝑐), a is the effective range of influence for the 

exponential model and for the power model, the range of 

influence is infinite. 

 

XV. RECOMMENDATIONS 
 

The researcher would like to recommend the following: 

1) The use of statistical software in the computation to 

construct a variogram such as PROC Variogram of 

SAS. 

2) Study of other types of kriging using data specifically 

collected or chosen for illustration. 

3) Comparison among types of kriging in such a way that 

the reader would know the “best” type to use in a 

particular data. 

4) Model selection for variogram based on empirical data 

may also be done. 
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