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Abstract — The aim of this paper is to construct a scheme 

for the accurate simulation of the solutions of the non 

stationary Navier-stokes equations. This is achieved through 

the so called Adomian-Like Decomposition Method that we 

developed. 

The nonlinear Problem is decomposed into an infinite set of 

linearized  Navier-Stokes equations for which the existence 

and numerical schemes are constructed in part I In Part I a 

product formula intended to simulate numerically the solution 

of linearized problem. 

In the second part the idea of Adomian decomposition 

Method is used to define the splitting of thenonlinear problem 

into an infinite set of linearized problems. 

The convergence proof very technical shall be presented in 

a fortcoming paper.  
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I. INTRODUCTION 
 

We consider the movement of an incomprehensible 

viscous fluid in a bounded smooth domain Q which is 

governed by the Navier-Stokes equations: 
 

{
 
 

 
 (𝟏. 𝟏)

𝝏𝒖

𝝏𝒕
− 𝒗𝛁𝒖 + 𝒖𝛁𝒖 + 𝛁𝒑 = 𝒇𝒊𝒏𝛀 × (𝟎, 𝑻)

(𝟏. 𝟐)𝐝𝐢𝐯 𝒖 = 𝟎         𝐢𝐧𝛀𝑻
(𝟏. 𝟑)𝒖|𝝏𝛀 = 𝟎     𝐟𝐨𝐫 𝐚𝐥𝐥 𝒕 ∈ (𝟎, 𝑻)

(𝟏. 𝟒)           𝒖(𝟎, 𝒙) = 𝒖𝟎(𝒙), 𝒙 ∈ 𝛀

 

 

Where f(x, t) is the density of the external forces, v is the 

kinematic density of the fluid. 𝑃 = 𝑝(𝑡, 𝑥)is the pressure 

u=(u1,u2,u3) is the velocity field. 

Due to the lack of the analytical solutions of the Navier 

stokes equations and even the global existence theorem 

forthe strong solutions of the Navier-stokes equations and 

event the global existence theorem for the strong solutions 

of the (NSE) is not known for arbitrary f, v and u0...., the 

development of the efficient numerical schemes and 

algorithms intended to approximate the solutions of these 

equations are of the great importance. 

A number of numerical algorithms have been proposed 

algorithm of Chorin [13] is given without any proof of 

convergence. 

In Giovani [18], a convergent product formula was 

proposed but without any explicit rate of convergence. But 

even here the product formula is very complicated and 

therefore for less use in computational point of view. 

In Rautman [17], a product formula for the following 

linearized Navier-Stokes 

Have been proposed: 
 

{
 
 

 
 (𝟏. 𝟏)

𝝏𝒖

𝝏𝒕
− 𝒗𝛁𝒖 + 𝒗 ∗ 𝛁𝒖 + 𝛁𝒑 = 𝒇   𝐢𝐧𝛀 × (𝟎, 𝑻)

(𝟏. 𝟐)𝐝𝐢𝐯 𝒖 = 𝟎         𝐢𝐧𝛀 × (𝟎, 𝑻)

(𝟏. 𝟑)𝒖|𝝏𝛀 = 𝟎     𝐟𝐨𝐫 𝐚𝐥𝐥 𝒕 ∈ (𝟎, 𝑻)

(𝟏. 𝟒)                                               𝒖(𝟎, 𝒙) = 𝒖𝟎(𝒙), 𝒙 ∈ 𝛀

 

 

Where f is the density of the external forces, v is a 

constant and describe the viscosity of the fluid  

𝑷 = 𝒑(𝒕, 𝒙)  is the pressure 

u= (u1, u2, u3) is the velocity of particle. 

Due to the lack of analytical solutions of Navior-Stokes 

equations and even the problem of the solution in the large 

(globe solution). 

Numerical schemes and algorithms intended to 

approximate solutions of these equations are of great 

importance both for theorical and computational point of 

view. 

In Marsden [11 ], a product formula intended to 

formulizea numerical of A. Chorin was given without proof 

of convergence. [14] a convergent product formula was 

proposed but without any explicit rate of convergence. 

But even here the product formula is very complicated 

and therefore for less used in computational point of view. 

In Rautmann [16] a product formula for the following 

linearized equations was given: 

 

{
 
 

 
 (𝟏. 𝟓)

𝝏𝒖

𝝏𝒕
− 𝒗𝛁𝒖 + 𝒃(𝒙) ∙ 𝛁𝒖 + 𝛁𝒑 = 𝟎   𝐢𝐧(𝟎, 𝑻) × 𝛀

(𝟏. 𝟔)𝛁 ∙ 𝒖 = 𝟎         𝐢𝐧(𝟎, 𝑻) × 𝛀
(𝟏. 𝟕)𝒖|𝚪 = 𝟎     𝐟𝐨𝐫  𝒕 ∈ (𝟎, 𝑻)

(𝟏. 𝟖)                                                   𝒖(𝟎, 𝒙) = 𝒖𝟎(𝒙), 𝒙 ∈ 𝛀

𝒃(𝒙) 𝒊𝒔 𝒊𝒏𝒅𝒆𝒑𝒆𝒏𝒅𝒂𝒏𝒕 𝒐𝒇 𝒕𝒊𝒎𝒆

 

 

It is said that the product formula converges but no proof is 

given there. 

In all those works the product formula is of the form: 

𝑢𝑛(. , ) = (𝐸𝑡|𝑛𝜊𝐻𝑡|𝑛)
𝑛
(𝑢0) 

Or 

𝑢𝑛(. , ) = (𝐻𝑡|𝑛𝜊Φ𝑡|𝑛𝐸𝑡|𝑛)
𝑛
(𝑢0) 

where Et is an approximation procedure for the solution of 

the Euler equations, Φ𝑡is some extension operator Ht the 

exact operator solution of the Stokes problem with the same 

initial condition. 
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Our idea although very close to the works cited above are 

of interest since: 

i) the convergence proof is given 

ii) it is based on linearized equations easy to tackle. 

 We consider the following Navier-Stokes equations 

in a regular bounded cylinder. 

𝑄𝑇 = (0, 𝑇) × Ω  of ℝ4 

{
 
 

 
 (𝟏. 𝟗)

𝝏𝒖

𝝏𝒕
− 𝒗𝛁𝒖 + 𝒃(𝒕, 𝒙) ∙ 𝛁𝒖 + 𝛁𝒑 = 𝟎   𝐢𝐧𝑸𝑻

(𝟏. 𝟏𝟎)𝛁 ∙ 𝒖 = 𝟎         𝐢𝐧 𝐐
(𝟏. 𝟏𝟏)𝒖|𝝏𝛀 = 𝟎     𝐟𝐨𝐫  𝒕 > 0

(𝟏. 𝟏𝟐)                                                   𝒖(𝟎, 𝒙) = 𝒖𝟎(𝒙), 𝒙 ∈ 𝛀

 

 

We study the existence and regularity properties of (PT). 

The corresponding Adomian decomposition factors to solve 

are in this form. 

The theorems established in this form enable the proof of 

the well poseness of the method developed in the second 

part of this work. Under some suitable assumptions on b 

(t,x). 

We state of corresponding compatibility conditions 

necessary and sufficient for higher regular solutions. 

A product formula for approximating solutions of (P T) Is 

then proposed. 

The proof of the convergence is strongly based on lemma 

4.3 

In the second part of this work we apply this product 

formula to study an approximation of the non linear Navier 

- Stokes equations. 

 

II. PRELIMINARIES 
 

2.1 Functional spaces and notations 
In all what follows Ω is a bounded domain of IR2 that for 

simplicity we suppose simply connected and of class C2. 

L2(Ω) denotes the space of measurable square integrable 

functions on Ω equipped with the scalar product: 

(𝒖, 𝒗)𝑳² = ∫ 𝒖�̅�𝒅𝒙
𝛀

 

and the norm ||u|| = [(u,u)L ²]1/2 

𝑯𝒎,𝟐(𝛀)  =  {𝒖 ∈ 𝑳²(𝛀), 𝐃𝐚𝐮 ∈ 𝑳²(𝛀), |𝜶| < 𝑚} 
𝛂 = (𝜶𝟏, 𝜶𝟐, 𝛂𝟑) 𝐚𝐧𝐝|𝜶| = 𝜶𝟏, +𝜶𝟐 + 𝛂𝟑 

With the scalar product 

(𝒖, 𝒗)𝑯𝑴  =  ∑ (𝑫𝒂𝒖,𝑫𝒂𝒗)𝑳𝟐
|𝜶|<𝑚

 

𝑳𝒆𝒕 ℧ =  {𝒗 ∈ 𝐂𝟎
∞ (𝛀), 𝛁. 𝒗 =  𝟎} be the space of regular 

solenoidal functions with compact support in Ω. 

Let H and V denote respectively the adherence of ℧ in 

L2(Ω), H1(Ω) respectively. 

Let us recall the following result, see for example [46] 

𝑳²(Ω) = 𝐇 ⨁ 𝑯⊥where 

𝑯 = {𝒖 ∈ 𝑳²(𝑸), 𝛁. 𝒖 = 𝟎, 𝚼 𝐧𝒖 =  𝒖. 𝒏|𝚪 =  𝟎} 
𝑯⊥(Ω)  =  {𝛁𝝋,𝝋, ∈ 𝑯𝒍𝒐𝒄

𝟏 (Ω)} 

𝚼𝐧 ∈  𝑳(𝑬 (𝛀); 𝑯
−𝟏/𝟐(𝚪)), 𝚪 = 𝛛𝛀 

𝑬(𝛀) = {𝒖 ^𝒖 ∈  𝑳²(𝛀), 𝑽. 𝒖
∈ 𝑳𝟐(Ω)𝐢𝐧 𝐭𝐡𝐞 𝐝𝐢𝐬𝐭𝐫𝐢𝐛𝐮𝐭𝐢𝐨𝐧 𝐬𝐞𝐧𝐬𝐞𝐲} 

These properties holds for domain at least Lipshitz 

continuous P denotes the orthogonal projectional of L2(Ω) 

into H which is continuous with ||P||L²(Ω)H< 1, and maps, 

Hm(Ω) into Hm(Ω)∩H  

Definition 2.1 

The closure of the operator −𝐏∆ in L2(Ω) is denoted A 

and is the Stokes operator . 

The following classical properties of the Stokes operator 

can be found in [14] : 

i) A is a positive definite self-adjoint operator , densely 

defined with: 

𝑫𝑨 = 𝑯²⋂𝑽 

ii) (𝑨𝒖, 𝒗)𝑳²  =  (𝛁𝒖, 𝛁𝒗)𝑳², 𝐮 ∈ 𝑫𝑨, 𝐯 ∈ 𝐕 

iii) A has a complete continuous inverse. 

iv) ||𝑽𝒖||² =  ||𝑨
𝟏

𝟐 𝒖||, 𝐮 ∈  𝐕 

 

2.2 Abstract formulation 
Applying the orthogonal projection to the equation (1.9) 

and assuming that 

𝒖𝟎 𝒈 𝐇 

(𝑷′𝑻){
(𝟐. 𝟑)

𝒅𝒖

𝒅𝒕
+ 𝒗𝑨𝒖 + 𝒑𝒃𝛁𝒖 = 𝒑𝒇, 𝒕 ∈]𝟎, 𝑻]

(𝟐. 𝟒) 𝒖(𝟎) = 𝒖𝟎

 

Where u(t) and pf(t) are seen as function from [0. T] into H  

Let 𝑨𝟏(𝒕)  =  𝐯𝐀 +  𝒑𝒃(𝒕)𝛁 

With domain DA 

In view of establishing existence theorem for the problem 

(P’T) some assumption are made on the data b: 

 

Assumption 2.3 
𝟏 − 𝐛(𝐭)  ∈  𝐋∞ ∩  𝑽 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒑 ≥  𝟑 𝐚𝐧𝐝 𝟎 ≤  𝒕 

≤ 𝑻, 𝒂. 𝒆 

Remark 2.1 

It is well known by Sobolev imbedding theorem  

H1(Ω) →L6  (Ω) continuously and also that 

L6(Ω) ^→L3(Ω) since Ω is bounded. 

It is also to note that in bounded domain assumption 1) 

implies assumption 2). 

 

Lemma 2.1 

If b(t) satisfies the assumption 2.3 , then there exist 

constants c1, c2, c3independantof t. Such that: 

a) ||Au| |0≤2 ||A1 (t)u || + c1 | | u||, u Є DA 

b) ||u||2  ≤c2 | | A1  (t)u||+ c3  || u||, u Є DA 

 

Proof: 

a) Let u Є DA, we have 

𝑹𝒆 〈𝑨𝟏(𝐭)𝐮, 𝐮)〉   = 〈 (𝑨𝒖, 𝒖)〉 >  𝑐‖𝒖‖² 

Using the Poincare inequality. 

It follows that A1  is accretive, therefore closable. 

‖𝑨𝒖‖  =  ‖𝑨𝟏(𝒕)𝒖 − 𝒑𝒃(𝒕)𝛁𝒖‖

≤ ‖𝑨𝟏(𝒕)𝒖‖ +  𝒄‖𝑨
𝟏/𝟐𝒖‖ (𝒃 

∈  𝑳∞ ∗ (Ω), 𝒂. 𝐞 𝐭) 
≤ ‖𝑨𝟏(𝒕)𝒖‖ + 𝒄𝟏‖𝒖‖

𝟏/𝟐. ‖𝑨𝒖‖𝟏/𝟐(momentinequality)  

≤ ‖𝑨𝟏(𝒕)𝒖‖ + 𝒄𝟏‖𝒖‖ +
𝟏

𝟐
‖𝑨𝒖‖ (cauchy - Schwartz 

inequality) 

which yields the result. 
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b) follows from a) using the Cattabriga estimate for the 

stokes problem (we suppose that Ω is of class C2) 

that is ‖𝒖‖𝟐.𝟐 ≤  𝐜‖𝑨𝒖‖, 𝐮 ∈  𝐃𝐀 

 

Remark 2.2 

a) It is follows by lemma 2.1 part a) and by the closure 

of A that A1(t) 

b) Is closed for almost all t. (DA1 = DA) 

c) one can easily check that 

‖𝑨𝟏(𝒕)𝒖‖  ≤ ‖𝑨𝒖‖ +  𝒄(𝒕) ‖𝑨
𝟏

𝟐𝒖‖ , 𝐮 ∈  𝐃𝐀 

 and c(t) can be taken independant if  ‖𝐛(𝐭)‖∞ ≺ ∞, 

for ae all t Є [0 ,T] 

 

Proposition 2.1 

If b(t) satisfies assumption 2.3 

Then for almost all t Є [0, T], A1(t)is m - sec torial 

 

Proof: 

A1(t) is closed by remark 2.2   

Using the fact that  

∫ 𝒃(𝒕)

𝛀

𝛁 𝒖. 𝐮𝐝𝐱 =  𝟎, 𝐮 𝐞 𝐕, 𝐮 𝒓𝒆𝒂𝒍 

(𝑨𝒖,𝒖)  =  ||𝛁𝒖||² ≥  𝒄𝟎 || 𝒖||²
 

Poincare’s inequality and that 

𝑹𝒆 〈𝑨𝟏(𝐭)𝐮, 𝐮)〉   = 〈 (𝑨𝒖, 𝒖)〉 >  𝑐‖𝒖‖² 

We deduce that A1(t) is maximal accretive (Theorem 2.1.4 

p21  [16]) 

This follows by the application of Lax-Milgram’s and 

closed range theorems. 

𝐟𝐨𝐫 𝐚𝐥𝐥 𝐭 ∈  [𝟎, 𝐓], {𝛌 ∶  𝐑𝐞𝛌 ≻  −𝐜𝟎} ⊂   𝛒(−𝐀𝟏(𝐭)) 

(2.1.1)  ‖(𝑨𝟏(𝒕) + 𝝀)
−𝟏‖ ≤

𝟏

𝑹𝒆𝛌+𝒄𝟎
 

We have: 

𝑰𝒎(𝑨𝟏)(𝒕)𝒖, 𝒖)  = ∫  𝒃(𝒕)𝑽𝒖𝐝𝐱

𝛀

, 𝐮 ∈  𝐃(𝐀) 

by assumption 2.3, Holder’s inequality and Sobolev 

embedding theorem  

|𝑰𝒎(𝑨𝟏)(𝒕)𝒖, 𝒖)| ≤ ‖𝒃(𝒕)‖𝑳𝟑 . ‖𝛁𝒖‖𝑳𝟐. ‖𝒖‖𝑳𝟔 

≤ 𝒄‖𝒃(𝒕)‖𝑳𝟑 . ‖𝛁𝒖‖
𝟐 = 𝒄‖𝒃(𝒕)‖𝑳𝟑 . 𝑹𝒆 (𝑨𝟏(𝐭)𝐮, 𝐮)) 

Hence A1  is sectorial and by the previous result m-

accretive, therefore m-sectorial. 

Furthermore, if ‖𝒃(𝒕)‖𝑳𝟑 = 𝒄𝟎  ≺ ∞𝐟𝐨𝐫 𝐚𝐥𝐥 𝐭 ∈  [𝟎, 𝐓]  
then the numerical range of the operator (A1  (t) for all this 

contained in the fixed sector ∑𝜽  

{𝟎, 𝜽 = 𝑨𝒓𝒕𝒈 (
𝒄𝟎
𝒗
) <

𝝅

𝟐
} 

∑{𝒛 ∈ 𝑪, |𝑨𝒓𝒕𝒈𝒛| ≤ 𝜽}

𝜽

 

 

Corallary2.1 

If b(t) satisfies the assumption 2.3 and ‖𝒃(𝒕)‖𝑳𝟑 ≤ 𝒄𝟏 ≺ ∞ 

For all t Є [0, T]. 

C1 independant oft, then ‖(𝟏 + |𝝀|)(𝑨𝟏(𝒕) + 𝝀)
−𝟏‖ 

Is uniformly bounded with respect to t and 𝝀 for 

Re 𝝀> 0 

i.e there exists a constant M such that: 

‖(𝑨𝟏(𝒕) + 𝝀)
−𝟏‖ ≤

𝑴

𝟏 + |𝝀|
, 𝑹𝒆𝝀 ≻ 𝟎 

 

Proof: 

It follows by the relation (2.1.1) that 

‖(𝑨𝟏(𝒕) + 𝝀)
−𝟏‖is uniformly bounded 

since𝝀 ∈ 𝝆(−𝑨𝟏(𝒕)) ⊂ ∑𝜽 .  

we have 

 𝝀
]𝝀]

𝑹𝒆𝝀
, ∈ 𝑹𝒆𝝀 ≻ 𝟎 is uniformly bounded. 

It then follows that: 

‖(𝟏 + |𝝀|)(𝑨𝟏(𝒕) + 𝝀)
−𝟏‖ 

is uniformly bounded. 

 

2.4  Existence theorem for the problem (PT) 
To state the existence theorem for the problem (PT) 

We need more assumptions on the data b(t) 

 

Assumption 2.4 

i) 𝒃(𝒕) ∈ 𝑪𝟏 ([𝟎, 𝐓]; 𝑳𝟑(Ω)) 

ii) 𝒃(𝒕) ∈ 𝑪𝒂 ([𝟎, 𝐓]; 𝑳𝟑(Ω)) 𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝟎 ≺ 𝐚 ≤  𝟏 

 

Proposition 2.2 

If b(t) satisfies the assumptions 2.3 and 2.4 ii). then 

a) A1 (t) is continuous DA 

b) A1(t).A1
-1(s) is uniformly bounded relatively to t 

c) A1  (t).A1
-1(s) is Holder continuous in t, uniformly in 

s. 

d) if  furthermore b (t),satisfies 2.4 (i) 

 then A1(t). A1
-1(s) are continuously differentiable 

respectively on DA and H. 

 

Proof: 

It is sufficient to prove that A1(t) is continuously 

differentiable respectively on DA And apply lemma 1.7 P 

179 of [16]. 

Let 

𝒖 ∈ 𝑫𝑨, 𝒃(𝒕) ∈ 𝑪𝟏([𝟎, 𝑻]); 𝑳
𝟑 𝒕𝒉𝒆𝒏 

‖
𝑨𝟏(𝒕)𝒖 − 𝑨𝟏(𝒕𝟎)𝒖

𝒕 − 𝒕𝟎
‖ ≤ ‖[

𝒃(𝒕) − 𝒃(𝒕𝟎)

𝒕 − 𝒕𝟎
− 𝒃′(𝒕𝟎)] 𝛁𝒖‖ 

≤ ‖
𝒃(𝒕) − 𝒃(𝒕𝟎)

𝒕 − 𝒕𝟎

− 𝒃′(𝒕𝟎)‖
𝑳𝟑

. ‖𝛁𝒖‖𝑳𝟔    (𝑯𝒐𝒍𝒅𝒆𝒓 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

Hence 𝑨𝟏(𝒕) is differentiable on DA and 

𝑨𝟏′(𝒕)𝐮 =  𝐩𝐛′(𝐭)𝛁𝐮, for all u Є DA and 𝒕 ∈  [𝟎, 𝑻] 
From the relation 

‖(𝒃′(𝒕) − 𝒃′(𝒕𝟎))𝛁𝒖‖ ≤ ‖(𝒃′(𝒕) − 𝒃′(𝒕𝟎))‖
𝑳𝟑
. ‖𝛁𝒖‖𝑳𝟔 . 

Therefore 𝑨′𝟏(𝒕)u is continuous and 𝑨𝟏(𝒕)is continuous 

and 𝑨𝟏(𝒕)is continously differentiable on DA 

we then apply lemma I.5 [16] to deduce that 𝑨𝟏(𝒕)𝑨𝟏
−𝟏(𝒕) 

is Lipschitz continuous in both variable t and s uniformly. 

Let us recall some results on the existence and regularity 

of the solutions of evolution equations due to Tanabe [17] 
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and Krein [15] 

In the two assumptions below B(t) is a family of linear 

operator 𝐭 ∈  [𝟎, 𝐓] with a constant domain DB 

 

Assumption 2.5 

B(t) is closed operator with constant domain DB densely 

defined in the Banach space X for all 𝒕 ∈ [𝟎, 𝑻] 
The resolvent of B(t) contains the sector Re 𝛌 ≤  𝟎 and 

(𝟏 +  |𝝀|)||(𝝀)  +  𝑩(𝒕)−𝟏|| is uniformly bounded 

relatively to t and 𝝀. 

 

Assumption 2.6 

For all r Є [0, 7] B(t).B-1 (r) 

Is uniformly continuous in r i.e. there exist some positive 

real constant L independent of r t and s such that: 

||𝑩(𝒕). 𝑩(𝒕)−𝟏 (𝒓)  −  𝑩(𝒔). 𝑩−𝟏(𝒓)|| ≤  𝐋|𝐭 − 𝐬|𝐚, 𝟎 < 𝐚 
≤  𝟏 

 

Theorem 2.1 

If B(t) satisfies the assumption 2.5 and 2.6 

Then there exists a bounded operator on X   

U(t, s) called fundamental solution of the parabolic 

equation: 
𝒅𝒖

𝒅𝒕
+  𝐁(𝐭)𝐮 =  𝐟(∗ ∗) 

such that for u0 Є X  

f Є Ca([0, T];X),0 < a ≤ 1  

𝒖(𝒕) = 𝑼(𝒕, 𝒔)𝒖𝒐  + ∫ 𝐔(𝐭, 𝝉)𝒇(𝝉)𝒅𝝉
𝒕

𝒔

 

is the unique solution of the problem (**) satisfying 

u(s)=u(0) satisfying:  

𝒖 ∈  𝑪([𝟎, 𝑻];  𝑫𝑩)  ∩  𝑪
𝟏(([𝟎, 𝑻];  𝐇) 

furthermore , if B(t) is continuously differentiable on DB 

with 

𝒖𝟎 ∈  𝑫𝑩 𝒂𝒏𝒅 ||(𝟏 +  𝝀)(𝑩(𝒕)  +  𝛌)
−𝟏||  ≤  𝟏, 𝛌 

≥  𝟎, 𝐭𝐡𝐞𝐧 

𝒖 ∈  𝑪([𝟎, 𝑻];  𝑫𝑩)  ∩  𝑪
𝟏(([𝟎, 𝑻];  𝐇) 

 

Remark 2.1 

The theorem 2.1 is standard and the second part follows 

from theorem 3.11 P20 of  [15] 

 

Theorem 2.2 

If data b(t) satisfies assumption 2.3 and 2.4 then the 

problem P(T) has a unique solution satisfying: 

i) 𝒖 ∈  𝑪([𝟎, 𝑻];  𝑯²(𝛀) ∩ 𝑽)  ∩  𝑪𝟏(([𝟎, 𝑻];  𝐇) 

ii) ‖𝒖(𝒕)‖²+ 𝟐𝒗∫ ‖𝛁𝒖‖²𝒅𝝉 = ‖𝒖𝟎‖²
𝒕

𝟎
 

 

Proof: 

We take for simplicity f=0 

From corollary 2.1 and proposition 2.2 we deduce that the 

operator A1(t) 

Satisfies the assumptions 2.5 and 2.6 

Hence the fundamental solution U(t,s) of (PT) exists and 

u(t) = U(t,0)u0 is the unique solution and we have the 

estimate: 
‖𝒖(𝒕)‖ ≤ ‖𝒖𝟎‖, for all 𝐭 ∈  [𝟎, 𝐓] 
We also have by theorem 2.1 

𝒖 ∈  𝑪([𝟎, 𝑻];  𝑿)  ∩  𝑪𝟏(([𝟎, 𝑻];  𝐗) 

It follows that. A1(t)u(t) Є DA 

From the lemma 2.1 

We have ‖𝑨𝒖(𝒕)‖ ≤ 𝟐‖𝑨𝟏(𝒕)𝒖(𝒕)‖ + 𝒄‖𝒖(𝒕)‖ 

hence 𝒖 ∈  𝑪([𝟎, 𝑻];  𝑫𝑨)  
The fact that 𝒖 ∈  𝑪([𝟎, 𝑻];  𝑯²(𝛀) ∩ 𝑽) follows from 

cattabriga’s estimate. The energy aquality follows from the 

orthogonality properties: 

∫ 𝐛(𝐭)𝐕𝐮(𝐭). 𝐮(𝐭)𝐝𝐱 =  𝟎
𝛀

 , 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒖 ∈  𝐕 

the equality (𝒖(𝒕), 𝒖’(𝒕)) =  
𝟏

𝟐

𝒅

𝒅𝒕
||𝒖(𝒕)||² The result 

follows by integration. 

 

Remark 2.3 

for f ЄCa([0, T] ; H) and representation  

𝑼(𝒕)  =  𝑼(𝒕, 𝟎)𝒖𝟎  + ∫ 𝐔(𝐭, 𝛕) 𝐟(𝛕)𝐝𝛕
𝒕

𝟎

 

We obtain similar results. 

 

III. REGULARITY OF THE SOLUTION 
 

It is well known that higher regularity at t=0 for 

evolutions requires some compatibility conditions on the 

data which for the case of Navier-stokes equations are of 

global nature and "virtually uncheckable" for m> 5/2 ([17] 

and  [16]) we state here some necessary and sufficient 

conditions to ensure smooth solutions at t=0 

 

Theorem 3. 1 

𝒖𝟎  ∈  𝑯
𝒎(Ω)  ∩  𝑽, 𝒃(. )  ∈  𝑪([𝟎, 𝑻];  𝑯𝒎(Ω) ∩  𝑽),𝒎 

≥  𝟐  
if f Є C1(([0, T]; Hm-2k(Ω) ∩ V) then 

The following conditions are Equivalent : 

i) The solution u of the problem (PT) belongs to 

 C([0, T]; Hm(Ω) ∩ V) 

ii) 𝐝𝐤𝐮

𝐝𝐭𝐤
 ∈  𝐂(([𝟎, 𝐓];  𝐇𝐦−𝟐𝐤(Ω) ∩  𝐕) 

 

Proof 

We prove it for m=3. 

Suppose 𝒖𝟎  ∈  𝐂[𝟎, 𝐓]𝑯
𝟑(Ω)  ∩  𝑽, 

We have from the eΩuation and the existence theorem 2.2 

that 
𝒅𝒖

𝒅𝒕
 ∈  𝑪(([𝟎, 𝑻]; 𝑯  

and 
𝒅𝒖

 𝒅𝒕
 =  𝑨𝟏(𝒕)𝒖(𝒕)  +  𝒇(𝒕)  

=  𝒗𝑨𝒖(𝒕) − 𝒑𝒃(𝒕)𝜵𝒖 +  𝒇(𝒕) 
belongs to H1(Ω)u(t) Є H3(Ω) ∩ V) b(t) Є H3 this implies 

𝑨𝒖(𝒕) − 𝒑𝒃(𝒕)𝜵𝒖 ∈ 𝑼𝟏(Ω)for all 𝒕 ∈  [𝟎, 𝑻] 
from the estimates 

‖𝒑𝒖(𝒕)𝛁𝒖‖𝒔 ≤ 𝒄‖𝒖‖𝒔‖𝒗‖𝒔+𝟏 

Kato and Lai [ ] we then deduce that : 

‖𝑨𝟏(𝒕)𝒖(𝒕𝟏) − 𝑨𝟏𝒖(𝒕𝟐)‖
≤ 𝒄𝟏‖𝒃(𝒕𝟏) − 𝒃(𝒕𝟐)‖𝑯𝟑
+ ‖𝒖(𝒕𝟏) − 𝒖(𝒕𝟐)‖𝑯𝟑 

c1 and c2 depending only on Ω and 

𝑺𝒖𝒑𝟎≤𝒕≤𝑻‖𝒃(𝒕)‖𝑯𝟑, ‖𝒖(𝒕)‖𝑯𝟑), 
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It then follows that 
𝒅𝒖

𝒅𝒕
∈ 𝐂([𝟎, 𝐓];  𝐇𝟏 (Ω)) 

Since V is closed in H1 (Ω) and the operator 
𝒅

𝒅𝒕
- is closed 

we deduced that 
𝒅𝒖(𝒕)

𝒅𝒕
∈ 𝑽 for all t Є [0, T] 

The converse is immediate from Cattabriga's estimates and 

the fact that 
𝒅𝒖(𝒕)

𝒅𝒕
= 𝑨𝟏(𝒕)𝒖(𝒕) + 𝒇(𝒕) ∈ 𝑪([𝟎, 𝑻];  𝑯

𝟏 (Ω)) 

 

Corollary 3.1 

If the conditions of theorem 3.1 are satisfied then  

A1 (0 )u(0 ) + f (0))|Γ = 0 

Proof 

By the equivalence of theorem 3.1  
𝒅𝒖(𝒕)

𝒅𝒕
∈ 𝑪([𝟎, 𝑻];  𝑯𝟏 (Ω)) ∩ 𝑽 

Therefore 
𝒅𝒖(𝟎)

𝒅𝒕
= 𝑨𝟏(𝟎)𝒖(𝟎) + 𝒇(𝟎) 

This implies
𝒅𝒖(𝟎)

𝒅𝒕
|𝚪 = 𝟎 

Which is the well known non local compatibility conditions 

for the Navier-Stokes equations. 

 

Remark 3. 1 

a)   One can construct solutions of the problems (PT) by 

Galerkin approximations for u0ЄHm(Ω ∩ V) 

 u(t)ЄC([0, T]; Hm(Ω)) ∩ V) ∩C1([0, T]; Hm-2l(Ω)) ∩ 

V) l< m/2 

 The condition u(t) ЄC([0, T]; Hm(Ω)) ∩V) can also 

be obtained for sufficiently regular data and the 

corresponding compatibility conditions for the initial 

data. 

b)  The corresponding pressure is obtained by the 

projection theorem. 

 

3.2 Some remarks on the singularity at t=0  
Let 

u0ЄH3(Ω) ∩ V), 

f(t) ЄC([0, T]; H1 (Ω)) ∩ V) 

b(t, x) Є C([0,T]; H3(Ω) ∩ V), 

Consider the following problems  

𝒈(𝒙) = −𝒗𝛁𝒖𝟎 + 𝒖𝟎𝛁𝒖𝟎 − 𝒇(𝟎) 

(𝑷𝟏)

{
 
 

 
 
𝝏𝒖𝟏
𝝏𝒕

− 𝒃(𝒕)𝛁𝒖𝟏 + 𝛁𝒑𝟏 = 𝒇 + 𝒈 𝒊𝒏 (𝟎, 𝑻] 𝒙 𝛀

𝒖𝟏|𝚪 = 𝟎
𝛁𝒖𝟏 = 𝟎

𝒖𝟏(𝒙, 𝟎) = 𝒖𝟎

 

(𝑷𝟐)

{
 
 

 
 
𝝏𝒖𝟐
𝝏𝒕

− 𝒗𝛁𝒖𝟐 + 𝒃(𝒕)𝛁𝒖𝟐 + 𝛁𝒑𝟐 = 𝒇 + 𝒈 𝒊𝒏 (𝟎, 𝑻] 𝒙 𝛀

𝒖𝟐|𝚪 = 𝟎
𝛁𝒖𝟏𝟐 = 𝟎

𝒖𝟐(𝒙, 𝟎) = 𝒖𝟎

 

Note that in (P2) the external force is time independent and 

that if u1 and u2 Are solution of (P1) and (P2) respectively. 

Then u = u1  + u2  and the corresponding pressure 

P = P1+ P2  is a solution of (PT ) 

It is evident by the definition of g that the compatibility 

conditions for (P1) are fulfilled, hence 

u1  Є C([0, T]; H3(Ω) ∩ V) therefore, the singularity of 

(PT)is fully characterized by u2 For numerical purpose see 

for example [17] The order of accuracy of the problem (PT) 

is given by that of u2 which seems easier to tackle than that 

of (PT) itself (at least at for finite element approximation). 

The abstract formulation of (PT) is : 
𝒅𝒖

𝒅𝒕
+ 𝑨𝟏(𝒕)𝒖 = 𝒈 𝒊𝒏 [𝟎, 𝑻] 

u(0)=0 

g is time independent . 

 

Remark 3.2 

A solution of (P1) has been constructed by the means of 

product formula in[ 12 ]. In the Adomian-like method that 

follows we use this product formula to construct the 

adomian coefficients. They are obtained approximately. 

 

IV. ADOMIAN DECOMPOSTION METHOD FOR 

NAVIER - STOKES EΩUATIONS 
 

4.1 Preliminaries 
Adomian Decomposition Method 

Our equation can be written in the form 

 Lu -N(u) = f                                                   (3) 

Where L is a linear operator and N a nonlinear 

operator . 

The linear operator is assumed invertible.  

The Adomian method consist of approximating the 

solutions of (1) - (2) as 

an infinite series u = ∑ un
∞
n=0                             (4) 

and expressing the nonlinear operator in the form 

N(y) = ∑ An
∞
n=0 where An are the adomian 

polynomials of yo, yi, yn... as defined by 

(Adomian 1994) where 

 An =
1

n!

dn

dλ
n [N(∑ λ

iuu
∞
i=0 )] i=0,1,2                (5) 

applying the inverse of the linear operator L -1 to the 

members of (3 )after substituting (4 ) and (5 ) we 

obtain the following relations  

∑ 𝐮𝐧 − 𝐋
−𝟏(∑ 𝐀𝐧

∞
𝐧=𝟎 )∞

𝐧=𝟎 = 𝐋−𝟏(𝐟)                (6) 

we can deduce the following iterative relations:  

uo = L-1f 

Un+1 = L-1 (An)                                                   (7) 

The coefficients An can all be estimated recursively. 

The general formula that we can deduce from the formula 

established by Abbaoui and Cherruault [18 ] 

𝑨𝒏 = ∑ 𝑵(𝒌)(𝒚𝟎)𝒌=𝟏
[∑ 𝒚𝒑𝟏𝒚𝒑𝟐…𝒚𝒑𝒏𝒑𝟏+𝒑𝟐…𝒑𝒏=𝒏 ]

𝒑𝟏!𝒑𝟐!…𝒑𝒏!
,   𝒏 ≥ 𝟏    (9) 

We can then deduce the value of 

𝒀𝒏  = ∫ ∫ 𝑨𝒏𝒅𝝉𝒅𝒕
𝝉

𝟎

𝒕

𝟎
(10) 

y0 = h 

Definition of the Adomian polynomial in a Banach space 

We shall note in the application of Adomian Method so 

far it is assumed that the operator 

N(u) analytic. 

We are going to extend these notions on N to an arbitrary 

Banach algebra X  

N is an operator from XxX→ X  

(x, y) → N(x, y) 

We assume that N is analytic as function of two variables 

Le B be a closed densely defined operator in X Defined the 

operator 

M : X→ X 
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u → M(u) = N(u, Bu) 

Let us consider the problem (PT) defined in the first part by 

(𝑷𝑻)

{
 
 

 
 (𝟏. 𝟗)

𝝏𝒖𝟏
𝝏𝒕

− 𝒗𝛁𝒖 + 𝒖 + 𝛁𝒑 = 𝒇 +  𝒊𝒏 𝑸𝑻

(𝟏. 𝟏𝟎)𝛁𝒖 = 𝟎  𝒊𝒏 𝑸𝑻
(𝟏. 𝟏𝟏)𝒖|𝛛𝛀 = 𝟎, 𝒕 > 0

(𝟏. 𝟏𝟐)          𝒖(𝒙, 𝟎) = 𝒖𝟎, 𝒙 ∈ 𝛀

 

Here the X=L2(0, T; H) 

Let us define the associated Stokes equations 

(𝑺𝑷𝑻)

{
 
 

 
 
𝝏𝒖𝟏
𝝏𝒕

− 𝒗𝛁𝒖 + 𝒖 + 𝛁𝒑 = 𝒇 +  𝒊𝒏 𝑸𝑻

(𝟏. 𝟏𝟎)𝛁𝒖 = 𝟎  𝒊𝒏 𝑸𝑻
(𝟏. 𝟏𝟏)𝒖|𝛛𝛀 = 𝟎, 𝒕 > 0

(𝟏. 𝟏𝟐)          𝒖(𝒙, 𝟎) = 𝒖𝟎, 𝒙 ∈ 𝛀

 

The problem (SPT) has a unique solution for uo Є V for any 

fЄL2(0, T; H) 

We are going to choose for simplicity f independent of t. 

(here f=0) 

Le A be the stokes operator as defined in the first part the 

unique solution of (SPT) 

is defined through the analytic semi-group e-At by 

𝒖(𝒕) = 𝒆−𝑨𝒕𝒖𝟎 + ∫ 𝒆−(𝒕−𝒔)𝑨𝒇(𝒔)𝒅𝒔 = 𝑳𝟏𝒇
𝒕

𝟎
                (4.1) 

Applying the Weyl’s projection on the the two member of 

equation (1.9) 

We have  

𝑳𝒖 + 𝑷𝒖𝛁𝐮 =  𝐟    (4.2) 

𝑾𝒉𝒆𝒓𝒆 𝑳𝒖 =  
𝐝𝐮

𝐝𝐭
 +  𝐀𝐮               (4.3) 

L-1is a continuous operator fom H to D(A) 

Multiplying the relation by L-1 

we have 𝒖 + 𝐋𝟏𝑷𝒖𝛁𝐮 = 𝐋𝟏𝐩𝐟           (4.4) 

We define 𝑴(𝒖)  = 𝐋𝟏𝒖𝛁𝐮   (4.5) 

which is a nonlinear operator 

 

Adomian polynomials 
𝑴(𝒖) =  ∑ 𝑨𝒏(𝒖𝟎,𝒖𝟏,…𝒖𝒏

∞
𝒏=𝟎 )   (4.6) 

The operator An being linear operator from X into X. 

𝒖𝟎(𝒕) = 𝒆
−𝑨𝑻𝒖𝟎 

We assume f=0 and 𝒖(𝒙, 𝒕) = ∑ 𝒖𝒏(𝒙, 𝒕)
∞
𝒏=𝟎  

Substituting into the equation (4.8) 

We can deduce the following u0 (t) defined by the relation 

(2.7) 

The An are formally defined by  

𝑨𝒏 =  
𝒅𝒏

𝒅𝒕𝒏
[𝐋−𝟏𝐏(∑𝛌𝐢𝐮𝐢𝛁

∞

𝐢=𝟎

(∑𝛌𝐣𝐮𝐣

∞

𝐣=𝟎

))]

𝛌=𝟎

 

each uk is assumed in D(A) 

This can be established using results in part I  

𝒖𝒏+𝟏  =  𝑳 
−𝟏(𝑨𝒏) 𝒏 ≥  𝟏  

with zero initial value  

We have 

𝑨𝒏  =  𝑳 
−𝟏𝒖𝟎𝛁𝒖𝟎 𝒂𝒏𝒅 

𝒖𝟏 (𝒕)  = ∫ 𝒆−(𝒕−𝒔)𝑨𝑨𝟎(𝒖𝟎)𝒔𝒅𝒔
𝒕

𝟎

 

𝑨𝒏  =  𝑳 
−𝟏𝑷[𝒖𝟎𝛁𝒖𝟏 + 𝒖𝟏𝛁𝒖𝟎] 

 

Lemma 4. 1 

𝑨𝒏 =∑ 𝑳 −𝟏𝑷𝒖𝒊𝛁𝒖𝒋
𝒊+𝒋=𝒏

 

 

Proof 

The calculations are obtained as the classical Adomian 

methods see Tchoua and Ita (2012)  

 

Remark 3.4 

It this paper the main steps and ideas of the new 

approach in solving nonlinear navier-Stokes is presented 

that we call Adomian-like Decomposition Method. 

The full development is done in a forthcoming paper. 

The method is semi-analytic. Some steps are numerical but 

easier to tackle than the classical algorithms on Navier-

Stokes equations. 

 

Theorem 4.1 

The series (4.9) converges uniformly on any bounded 

time-interval to the unique and strong solution of problem 

(P1) for small value in H1-norm of u0 . 

 

Proof: 

The proof is deduce from of the convergence of adomian 

sequence in [18] and the estimate 

 ‖𝒖𝟎‖𝑯𝟏 ≤ 𝜽 < 1; ‖𝑨𝒏‖𝑯𝟏 ≤ 𝑪𝒏‖𝒖𝟎‖𝑯𝟏
𝒏  

It this paper the main steps and ideas of the new approach 

in solving nonlinear navier-Stokes is presented that we call 

Adomian-like Decomposition Method. 

The full development is done in a fort coming paper. 

The method is semi-analytic. Some steps are numerical but 

easier to tackle than the 

classical algorithms 

on Navier-Stokes equations. 

 

Theorem 4.1 

The series (4.9) converges uniformly on any bounded 

time-interval to the unique and strong solution 

of problem (P1 ) for small value in H1-norm of u0. 

 

Proof: 

The proof is deduce from the proof of the convergence of 

Adomian sequence in [18]and the estimate 

‖𝒖𝟎‖𝑯𝟏 ≤ 𝜽 < 𝟏; ‖𝑨𝒏‖𝑯𝟏 ≤ 𝑪𝒏‖𝒖𝟎‖𝑯𝟏
𝒏  

 

V. CONCLUSION 
 

In this paper we develop an Adomian scheme to compute 

the solution of the full nonlinear Navier-Stokes equations 

through a product formula in (12) very easy to simulate 

since product of linear operators. 
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