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Abstract – Bitopological index βτ(G) of a finite graph G is 

the minimum cardinality of a set X such that G is a 

bitopological graph with respect to X. In this paper we find 

an optimization of bitopological index of paths and estimate 

the  bitopological index of trees with order upto six. 
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I. INTRODUCTION 
 

For all terminology and notation in graph theory, which 

are not defined in this paper, we refer the reader to 

F.Harary [1]. Unless mentioned otherwise, all graphs 

considered in this paper are simple and self-loop free. 

Given a graph   𝐺 = (𝑉, 𝐸) we can relate it to different 

topological structures. In 1967, J.W. Evans et.al [2]  

conceived this idea and they proved that there is a one to 

one correspondence between the set of all topologies on a 

set X with n points and the set of all transitive digraphs 

with n points. In 1968, T.N.Bhargav and T.J. Ahlborn[3] 

analysed the topological spaces associated with digraphs. 

According to them a subset A of V(D) is open if and only 

if for every pair of points 𝑖, 𝑗 ∈ 𝑉 with j in A and i not in 

A, (i, j) is not a line in D where D is a digraph. E. 

Sampathkumar[4][9] extended their notion to the case in 

which the point set is infinite. In 1983, Acharya [5] 

established another link between graph theory and point 

set topology. He proved that for every graph G, there 

exists a set X and a set-indexer 𝑓: 𝑉(𝐺) →  2𝑋 such that 

the family 𝑓(𝑉) is a topology on X. Here we consider a 

special case of set-indexed graphs in which both   𝑓(𝑉)   

and  𝑓⨁(𝐸)⋃{𝜙} are topologies on the ground set X. We 

estimate the minimum cardinality of the ground set X with 

which trees of order upto six  admit a bitopological set-

indexer.  

 

II. PRELIMINARIES & NOTATIONS 
 

Definition 2.1 [6]  Let 𝐺 = (𝑉, 𝐸)  be a graph, X be a 

nonempty set  and 2𝑋  denotes set of all subsets of X.  A 

set-indexer of G is an injective set-valued function 

𝑓: 𝑉(𝐺) → 2𝑋 such that the function  𝑓⨁ ∶ 𝐸(𝐺) →  2𝑋 −

 {∅} defined by 𝑓⨁(𝑢𝑣) = 𝑓(𝑢) ⨁ 𝑓(𝑣) for every 𝑢𝑣 ∈

𝐸(𝐺) is also injective, where  ⨁   denotes the symmetric 

difference of sets. 

Definition 2.2 [10]  A graph  𝐺 = (𝑉, 𝐸)  is called a 

bitopological graph if there exists a set X and a set-

indexer 𝑓 on G such that both 𝑓(𝑉)   and  𝑓⨁(𝐸)⋃{𝜙} are 

topologies on X. The corresponding set-indexer is called a 

bitopological set-indexer of G. 

Definition 2.3 [10]  Bitopological index 𝛽𝜏(𝐺)  of a 

finite graph G is the minimum cardinality of the ground 

set X such that G is bitopological with respect to X. 

Proposition 2.4 [10]  𝛽𝜏(𝐺) ≥ ⌈ 
𝑙𝑜𝑔

𝑝+𝑞+1

2

log 2
⌉ 

 

III. BITOPOLOGICAL INDEX OF TREES 

 

It is a tedious task to find the bitopological index of an 

arbitrary tree. It may even an NP- complete problem.  

However we find the bitopological index 𝛽𝜏 of  the classes 

of trees with order upto six and diameter less than or equal 

to five. We denote a tree of order n and diameter d by 𝑇𝑛
𝑑.  

Before finding the bitopological index of trees  we give an 

optimization of  bitopological index of paths. 

Theorem 3.1. For a path 𝑃𝑛 , ⌈ 
log 𝑛

log 2
⌉  ≤  𝛽𝜏(𝑃𝑛) ≤ 𝑛 − 1. 

Let 𝑋 =  {1,2,3, … 𝑛 − 1} 

Define 𝑓: 𝑉 → 2𝑋   by 

𝑓(𝑣1) =  {∅} 

𝑓(𝑣2) =  {1,2,3, … 𝑛 − 1} 

For 𝑖 ≥ 2 

𝑓(𝑣2𝑖) =  {1,2,3, … , 𝑛 + 1 − 𝑖} 

𝑓(𝑣2𝑖+1) =  {1,2,3, … 𝑖} 

𝑓 is a bitopological set-indexer. Hence by the definition of 

bitopological index 

𝛽𝜏(𝑃𝑛) ≤ 𝑛 − 1. 

Also by Proposition 2.4 𝛽𝜏(𝑃𝑛) ≥    ⌈ 
𝑙𝑜𝑔

𝑛+𝑛−1+1

2

log 2
⌉ 

That is ,  𝛽𝜏(𝑃𝑛) ≥  ⌈ 
log 𝑛

log 2
⌉ 

Thus we have ⌈ 
log 𝑛

log 2
⌉  ≤  𝛽𝜏(𝑃𝑛) ≤ 𝑛 − 1. 

 

Remark  3.3   𝛽𝜏(𝑇2
1) = 𝛽𝜏(𝑃2) = 1 and  𝛽𝜏(𝑇3

2) =

 𝛽𝜏(𝑃3) =   2. 

Theorem 3.2   Bitopological Index  𝛽𝜏(𝑇𝑛
𝑑) ≤ 𝑛 −

1 𝑓𝑜𝑟 𝑛 ≤ 6 𝑎𝑛𝑑  𝑑 ≤ 5.  

Proof:  We  consider each classes separately as follows. 

1 . 𝛽𝜏(𝑇4
2) =   2 

𝑇4
2 ≡  𝐾1,3 

Let  𝑣1, 𝑣2, 𝑣3,   𝑣4 are the vertices of  𝐾1,3 with  ∆(𝑣1) = 

3. Define a  set-indexer 𝑓  by  

𝑓(𝑣1) =  {∅} 

𝑓(𝑣2) = {𝑥1 } 

𝑓(𝑣3) = {𝑥2} 
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𝑓(𝑣4) = {𝑥1, 𝑥2}.  Then 𝑓 is a  bitopological set-indexer 

with the ground set    𝑋 =  {𝑥1, 𝑥2}.  

Therefore 𝛽𝜏(𝑇4
2) ≡ 𝛽𝜏(𝐾1,3) =  2. 

2.  𝛽𝜏(𝑇4
3) = 3 

𝑇4
3 ≡  𝑃4  

By   Proposition 2.4,   ⌈ 
log 4

log 2
⌉  ≤  𝛽𝜏(𝑃4) ≤ 4 − 1 

That is  2 ≤  𝛽𝜏(𝑃4) ≤ 3 

Let  𝑋 =  {𝑥1, 𝑥2} 

Then  the possible  vertex valuation of the four vertices are 

given below 

 

{∅},          {𝑥1},           {𝑥2},                 {𝑥1, 𝑥2} 

{𝑥1} ,        {∅},            {𝑥2},                  {𝑥1, 𝑥2} 

{𝑥1} ,        {𝑥2},            {∅},                    {𝑥1, 𝑥2} 

{𝑥1} , {𝑥2},            {𝑥1, 𝑥2},            {∅} 

{𝑥1} , {𝑥1, 𝑥2},       {𝑥2},                  {∅} 

 

The edge valuations corresponding to this vertex 

valuations are not injective  and hence f is not a 

bitopological set- indexer. 

Therefore  𝛽𝜏(𝑃4) = 3. That is  𝛽𝜏(𝑇4
3) = 3. 

3.   𝛽𝜏(𝑇5
2) =   3 

𝑇5
2 ≡  𝐾1,4 

Let  𝑣1, 𝑣2, 𝑣3,   𝑣4, 𝑣5 are the vertices of  𝐾1,4 with  

∆(𝑣1) = 4. Then  the set-indexer 𝑓  defined by  

𝑓(𝑣1) =  {∅} 

𝑓(𝑣2) = {𝑥1 } 

𝑓(𝑣3) = {𝑥2} 

𝑓(𝑣4) = {𝑥1, 𝑥2} 

𝑓(𝑣5) = {𝑥1, 𝑥2, 𝑥3 } is  bitopological and hence  

𝛽𝜏(𝑇5
2) =  𝛽𝜏(𝐾1,4 )  =   3. 

4.  𝛽𝜏(𝑇5
3) =3 

Let  𝑇5
3 be a tree with three pendant vertices  𝑣1,

𝑣2  𝑎𝑛𝑑   𝑣3.  Let    𝑣4  be the vertex with  degree  3 . 

Suppose    𝑣4  is adjacent to 𝑣1, 𝑣2, 𝑣5 and    𝑣3  is 

adjacent to 𝑣5. 

Then  the set-indexer  𝑓 defined by 

𝑓(𝑣5) =  {∅} 

𝑓(𝑣2) = {𝑥1 } 

𝑓(𝑣4) = {𝑥2} 

𝑓(𝑣1) = {𝑥1, 𝑥2} 

𝑓(𝑣3) = {𝑥1, 𝑥2, 𝑥3 } is  bitopological and hence  

 𝛽𝜏(𝑇5
3) =3. 

5.  𝛽𝜏(𝑇5
4) =4 

Now  𝑇5
4 ≡  𝑃5 

Let  𝑋 =  {𝑥1, 𝑥2, 𝑥3} 

Non-isomorphic  topologies on 𝑋 =  {𝑥1, 𝑥2, 𝑥3} 

consisting of five open sets are  

𝑇1 =  {{∅}, {𝑥1 }, {𝑥2}, {𝑥1, 𝑥2 }, 𝑋} 

𝑇2 =  {{∅}, {𝑥1 }, {𝑥1, 𝑥2}, {𝑥1, 𝑥3 }, 𝑋} 

Then  the possible  vertex valuation of the five vertices  

corresponding to 𝑇1 are given below[7][8] 

 

{∅}, {𝑥1}, {𝑥2}, {𝑥1, 𝑥2},  {𝑥1, 𝑥2, 𝑥3} 

{𝑥1} , {∅},  {𝑥2},   {𝑥1, 𝑥2}, {𝑥1, 𝑥2, 𝑥3}      

{𝑥1}, {𝑥2}, {∅}, {𝑥1, 𝑥2},  {𝑥1, 𝑥2, 𝑥3} 

{𝑥1}, {𝑥2}, {𝑥1, 𝑥2} , {∅},  {𝑥1, 𝑥2, 𝑥3} 

{𝑥1}, {𝑥2}, {𝑥1, 𝑥2} , {𝑥1, 𝑥2, 𝑥3}, {∅} 

{𝑥1} ,   {∅},  {𝑥2}, {𝑥1, 𝑥2, 𝑥3} , {𝑥1, 𝑥2} 

{𝑥2}, {∅},  {𝑥1, 𝑥2, 𝑥3}, {𝑥1, 𝑥2},  {𝑥1} 

{x1} , {x1, x2, x3},   {x2}, {x1, x2}, {∅} 

{𝑥1, 𝑥2, 𝑥3}, {𝑥1} , {𝑥1, 𝑥2}, {𝑥2},   {∅} 

 

The induced edge valuations corresponding to this 

assignment of sets do not form a topology on the edge set.. 

Similarly the possible  vertex valuation of the five vertices  

corresponding to 𝑇2 also does not form a topology on its 

edges. Therefore 𝛽𝜏(𝑃5) =  4  since  3 ≤ 𝛽𝜏(𝑃5) ≤ 4. 

Thus   𝛽𝜏(𝑇5
4) =4. 

6.  𝛽𝜏(𝑇6
2) =3 

𝑇6
2 ≡  𝐾1,5 

Let  𝑣1, 𝑣2, 𝑣3,   𝑣4, 𝑣5 𝑎𝑛𝑑   𝑣6 are the vertices of  

𝐾1,5 where  𝑣1 is the central vertex with degree five. Take  

𝑋 =  {𝑥1, 𝑥2, 𝑥3 }.  Consider any topology on X with six 

elements. Assign empty set to  𝑣1 and  then arbitrarly 

assign other open sets to remaining five vertices of  𝐾1,5. 

Then it is a bitopological assignment and hence   𝛽𝜏(𝑇6
2) 

=3. 

7.  𝛽𝜏(𝑇6
3) =3 

 𝑇6
3 is a tree with four pendant vertices. Then either it has a 

vertex of degree four or  it has two vertices of degree 

three. In both the cases it contains 𝑃4  as an induced 

subgraph and hence  𝛽𝜏(𝑇6
3) > 2.  

Case I 

Let d(𝑣3) = 4 𝑎𝑛𝑑  𝑣1, 𝑣2, 𝑣3,   𝑣4 are the vertices of 

the induced path  𝑃4 . Also let  𝑣5 𝑎𝑛𝑑   𝑣6 are the  two 

pendant vertices adjacent to  𝑣3. Take 𝑋 =  {𝑥1, 𝑥2, 𝑥3}. 

Then  the set-indexer defined by 

𝑓(𝑣1) = {𝑥2, 𝑥3} 

𝑓(𝑣2) = {𝑥1, 𝑥2} 

𝑓(𝑣3) =  {∅} 

𝑓(𝑣4) = {𝑥1, 𝑥2, 𝑥3} 

𝑓(𝑣5) = {𝑥1} 

𝒇(𝒗𝟔) =  {𝑥2}        is bitopological and therefore  

 𝛽𝜏(𝑇6
3) =3. 

Case II 

Let  𝑣1 𝑎𝑛𝑑   𝑣2  are the two adjacent  vertices with 

degree three.  Suppose   𝑣3 𝑎𝑛𝑑   𝑣4 are  two pendant 

vertices  adjacent to 𝑣1 and 𝑣5 𝑎𝑛𝑑   𝑣6 are other two 

pendant vertices  adjacent to  𝑣2.  

Let 𝑋 =  {𝑥1, 𝑥2, 𝑥3}. 
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The set-indexer defined by  

𝑓(𝑣1) = {𝑥1, 𝑥2, 𝑥3} 

𝑓(𝑣2) =   {∅} 

𝑓(𝑣3) =  {𝑥1, 𝑥3} 

𝑓(𝑣4) =  {𝑥2} 

𝑓(𝑣5) = {𝑥1} 

𝑓(𝑣6) =  {𝑥1, 𝑥2}  

is a bitopological set-indexer.  Hence in this case  

also  𝛽𝜏(𝑇6
3) =3. 

8.   𝛽𝜏(𝑇6
4) = 3 or 4 

Case I 

If  𝑇6
4 contains  𝑃5 as an induced subgraph and  the 

middle vertex has degree three  then  assign  {𝑥1, 𝑥2, 𝑥3},  

{𝑥2},  {∅},  {𝑥1},  {𝑥2, 𝑥3} to the vertices of the   induced  

subgraph  𝑃5  and assign {𝑥1, 𝑥2} to the pendant vertex 

which is adjacent to the middle vertex. Then  this 

assignment is bitopological and hence  𝛽𝜏(𝑇6
4) =3 

Case II 

Suppose   𝑇6
4 contains  𝑃5 as an induced subgraph and  

the first internal  vertex has degree three. Then any set-

indexer with ground set of cardinality three is not  

bitopological. Assign {𝑥1, 𝑥3},  {𝑥1, 𝑥2, 𝑥3}, 

{𝑥1}, {𝑥1, 𝑥2, 𝑥3, 𝑥4 },  {∅}    to the vertices of the   induced  

subgraph  𝑃5  and assign {𝑥1, 𝑥2} to the pendant vertex 

which is adjacent to the vertex assigned to {𝑥1, 𝑥2, 𝑥3} . 

Then  this assignment is bitopological and hence  𝛽𝜏(𝑇6
4) 

=4.  

9.   𝛽𝜏(𝑇6
5) =5 

𝑇6
5  ≡  𝑃6.  Let  𝑋 =  {𝑥1, 𝑥2, 𝑥3, 𝑥4 }.  If 𝑓(𝑉)  is a 

topology on 𝑋 with six open sets then the edge valuation 

corresponding to  the set-indexer 𝑓 does not form a 

topology on the edge set. Therefore 𝛽𝜏(𝑇6) =   5. 

 

IV. CONCLUSION 
 

It would be worthwhile to pursue finding newer classes 

of bitopological graphs. Characterization of bitoplogical 

trees and calculation of bitopological index of arbitrary 

trees are further areas of research. Embedding of  an 

arbitrary tree in a bitopological tree and the calculation of 

chromatic number, clique number and independent 

number is another area of investigation. 
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