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Abstract – The maximum likelihood estimator does not 

always give optimal results in terms of the expected log-

likelihood. The main purpose of statistical estimation is to 

accurately predict future phenomena. Therefore, we should 

investigate the estimator that gives the largest expected log-

likelihood because it makes the best use of the information 

contained in data. Shrinkage estimators such as the ridge 

regression method were developed with this in mind. 

However, such shrinkage estimators produce differences to 

the maximum likelihood estimators in a specific direction. 

Differences in other directions may give better results. 

Therefore, we suggest a method that produces differences to 

a maximum likelihood estimator in a more flexible way. In 

our algorithm, pseudo-data are sampled from the generated 

population using a parametric bootstrap method. The 

pseudo-data are then used to optimize the constants in the 

estimator. The pseudo-data are divided into available and 

future pseudo-data. Then, the estimates are calculated using 

the available pseudo-data and the flexible estimator. We 

derive the expected log-likelihoods of the resulting estimates 

using future pseudo-data, and then optimize the constants by 

maximizing the expected log-likelihood. This method works 

well in several simulations, suggesting that the proposed 

method is beneficial when the aim is to maximize the 

expected log-likelihood. 
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I. INTRODUCTION 
 

The maximum likelihood method is the most commonly 

used tool for regression analysis. However, it sometimes 

leads to regression equations that give large prediction 

errors (i.e., mean squared error) because it can overfit the 

regression functions to the data ([7]). The ridge regression, 

lasso, and related methods were developed to cope with 

this problem (for example, see Section 3.4.3 of [4], 

Section 6.4 of [7], or Section 6.2 of [5]. These methods are 

aimed at obtaining regression equations that give a large 

expected log-likelihood or a small prediction error by 

adding regularization terms to the least squares evaluation 

function. The weights of the regularization terms are 

optimized by a criterion such as Akaike's information 

criterion ([1],[6]) or generalized cross-validation ([2]). 

These criteria approximate the prediction error or the 

expected log-likelihood. The use of regularization terms 

with a specific form yields shrinkage estimators that are 

different from the maximum likelihood estimator, in a 

limited direction. 

Hence, if the regularization terms are not well justified, 

we are left with the possibility that other regularization 

terms may lead to better results, even if the regularization 

terms are optimized by approximations of the prediction 

error or expected log-likelihood. Therefore, if a flexible 

estimator is derived by producing differences to the 

maximum likelihood estimator in an unspecified direction, 

and the constants (hereafter, b) in that estimator are 

optimized using the expected log-likelihood, the resultant 

estimator is the best estimator in terms of the expected 

log-likelihood although the expected log-likelihood is not 

the only criterion to choose the best estimator.The above 

discussion is valid for general estimates of probability 

density functions.  

We found that some methods yield better results than 

the maximum likelihood or least squares methods in terms 

of the expected log-likelihood, without using specific 

regularization terms. That is, the optimal variance in terms 

of the expected log-likelihood is the “third variance” ([8], 

page 247 of [10]). Moreover, when the gradient and 

variance in a simple regression are optimized in terms of 

the expected log-likelihood, we obtain a simple regression 

equation that is slightly different from conventional 

equations ([9]). 

We therefore suggest a method that derives estimates 

using an estimator that is determined by introducing 

differences to the maximum likelihood estimator in an 

unspecified direction. The constants contained in the 

estimator are optimized in terms of the expected log-

likelihood. The pseudo-data used for this procedure are 

generated by the bootstrap method (e.g., Sections 6.5 and 

21.5 of ([3]). The bootstrap method is typically used to 

determine some characteristics of the estimates. However, 

in the proposed method, we use it to generate pseudo-data 

from the pseudo-population. We used the bootstrap 

method because if we do not find analytical solutions for 

the best estimator in terms of the expected log-likelihood, 

we should consider computationally intensive statistics. 

Additionally, we applied the proposed method to estimate 

normal, log-normal, and exponential distributions, and a 

simple regression. 

 

II. PROPOSED METHOD 
 

We suggest the following method for optimizing an 

estimator, by producing differences in the maximum 

likelihood estimator in an unspecified direction. We use 

the parametric bootstrap method in this technique.  
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Fig.1. Procedure of the parametric bootstrap method. MLM refers to the maximum likelihood method. 

 

 
Fig.2. Procedure of the proposed method. MLM refers to the maximum likelihood method. 

 

<1>The probability density function (den(y|θ )) represents 

the distribution of a population, whereθ  (=(θ 
1

, θ 2, ⋯ , θ 𝑚 )𝑡) 

are the parameters of the distribution. A sample extracted 

from the population is represented using random variables 

{Y1 , Y2 , ⋯ , Y𝑛 } . Then, the realizations of these random 

variables are {y1 , y2, ⋯ , y𝑛 } . These realizations are the 

available data. The log-likelihood in the light of the 

available data is  

𝑙(θ|{y𝑖}) =  log(𝑑𝑒𝑛(y𝑖|θ)𝑛
𝑖=1 ). (2.1) 

θ is chosen by maximizing this value, and is represented as 

θ  (=(θ 
1

, θ 2, ⋯ , θ 𝑚 )𝑡 ).These are the maximum likelihood 

estimates. 

<2> In the context of the parametric bootstrap method, the 

elements of θ  are considered to be close to the parameters 

of the population, and the probability density function can 

be approximated as 𝑑𝑒𝑛(y|θ ).The sample extracted from 

the population is represented as random variables 

{Y1
+, Y2

+, ⋯ , Y𝑛
+}. Then, the realizations of these random 

variables are {y1
+, y2

+, ⋯ , y𝑛
+} . These realizations are the 

available pseudo-data. When the data are {𝑦𝑖
+} , the 

corresponding log-likelihood is 

𝑙(θ|{y𝑖
+}) =  log(𝑑𝑒𝑛(y𝑖

+|θ)𝑛
𝑖=1 ). (2.2) 

The value of θ that maximizes the equation above is 

defined as θ 
+

. The elements of this vector are the 

maximum likelihood estimates of the parameters.  

<3>The elements of θ are assumed to be the parameters of 

the population. Then, another K  sets (i.e. (K ∙ n) ) of 

pseudo-data are generated from𝑑𝑒𝑛(y|θ )  in addition to 

the first set produced in <2>. These newly generated 

pseudo-data are regarded as the future pseudo-data. They 

are {y𝑖
<𝑘>}, where 1 ≤ i ≤ n, 1 ≤ k ≤ K. 

<4> θ 
+

is modified using the constants 

(b(= (b1 , b2 , ⋯ , b𝑚 )𝑡 ). That is, b  alters θ 
+

 into b ∙ θ 
+

 (= 

(b1θ 1
+

, b2θ 2
+

, ⋯ , bm θ 𝑚
+

)𝑡).  

<5> Using various values of b, the log-likelihood ofb ∙ θ 
+

 

is calculated using the future pseudo-data in <3>. Then, 

we have  

1

𝐾
  𝑙  b ∙ θ 

+
  𝑦𝑖

<𝑘>  

𝑛

𝑖=1

=

𝐾

𝐾=1

 

1

𝐾
  log(𝑑𝑒𝑛(𝑦𝑖

<𝑘>|b ∙ θ 
+

)

𝑛

𝑖=1

𝐾

𝑘=1

 

 (2.3) 

<6> Using different initial values for the pseudo-random 

numbers, Processes <2> through <5> are repeated R times. 

This gives R values for Eq.(2.3), the results of the fixed 

value of b. Then, we calculate the relationship between the 

average of the obtained values and the values ofb. The 

values of bthat maximize the average of the expected log-

likelihood of b ∙ θ 
+

 in the light of the future pseudo-data 

are denoted as b . We use b ∙ 𝜃  as the estimates of the 

parameters of the population.  

The proposed and parametric bootstrap methods are 

illustrated in Fig.1 and Fig.2.The parametric bootstrap 

method uses the maximum likelihood method and the data 

to derive θ , as Fig.1 shows. θ is assumed to be close to the 

parameters of the population. The bootstrap data ({x∗<𝑘>} 
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(1 ≤ k ≤ K)) are generated using the probability density 

function given by θ . Then, the maximum likelihood 

method uses {x∗<𝑘>}  to produce {θ
∗<𝑘>}  (the bootstrap 

replicates). Here, the notations of {𝑥∗<𝑘>} and {θ
∗<𝑘>} are 

used to distinguish the ordinary parametric bootstrap 

method from the proposed one. The statistical 

characteristics of θ can be approximated using the 

distribution of {θ
∗<𝑘>}, where 1 ≤ k ≤ K.  

The proposed method follows the procedure illustrated 

in Fig.2. These two procedures both use the maximum 

likelihood method with the data to estimate θ , and assume 

that θ  are close to the parameters of the population. 

However, the proposed method generates (K + 1) sets of 

bootstrap data using θ , instead of K sets. The first set is 

assumed to be the available pseudo-data, which gives the 

estimates (θ 
+

) using the maximum likelihood method. The 

remaining K sets of the bootstrap data are regarded as 

future pseudo-data, which are used to estimate the 

expected log-likelihood. The expected log-likelihood is 

synonymous with the log-likelihood in the light of future 

data. The expected log-likelihood is estimated using b ∙ θ 
+

. 

Simulations using various values of bresult in estimates 

that maximize the expected log-likelihood.  

 

 
Fig.3. Usual simulation for investigating the performance of an estimator. MLM represents the maximum likelihood 

method. 

 

 
Fig.4. Simulations in the following sections for investigating the performance of an estimator. MLM represents the 

maximum likelihood method. PDF represents probability density function. 
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However, note that the available pseudo-data are not 

real data but those generated by pseudo-random numbers. 

Hence, the results depend on chance. Therefore, the 

procedure for generating the pseudo-data is repeated R 

times, altering the initial values for the pseudo-random 

numbers. Then, the log-likelihoods in the light of the 

future pseudo-data are calculated R times and averaged. 

Furthermore, because the maximum likelihood estimates 

given by real data are used as the parameters of the 

population, the parameters used in these methods (θ ) are 

typically different from the real parameters (θ ). Hence, we 

must investigate the performance of this estimator when 

the parameters of the population are slightly different from 

the maximum likelihood estimates given by real data. In 

the proposed and typical bootstrap methods, we assume 

that the maximum likelihood estimates (θ ) derived using 

the real data are close to the real parameters (θ ). This 

assumption is difficult to assess. If it is not true, the 

proposed estimator may not work as expected. Therefore, 

more study is required to determine how to choose 

between the maximum likelihood and proposed estimators. 

 

III. POLICY OF THE FOLLOWING SIMULATIONS 
 

In the subsequent sections, we compared the simulation 

results with those by the flexible estimator developed so 

far, if possible. If it was not available or the previous 

knowledge was empirical, we carried out simulations to 

investigate the effectiveness of the proposed method. 

These simulations used a somewhat different method from 

that of the ordinary simulations. 

When we used the ordinary method for examining the 

validity of an estimator, we used the following procedure:  

1) The parameters of the population (θ ) are set at specific 

values.  

2) D sets of data (y(1), ⋯ , y(𝐷) ) are sampled from the 

population with the parameters (θ ). 

3) The maximum likelihood estimates of the parameters 

are calculated using each of the data sets. The resulting 

estimates are θ 
(1)

, ⋯ , θ 
(𝐷)

.  

4) b  is calculated using each θ 
(1)

, ⋯ , θ 
(𝐷)

 and the method 

proposed in the previous section. Then, we have 

b (1), ⋯ , b (𝐷).  

5) The optimal parameters are (b (1) ∙ θ 
(1)

, ⋯ , b (𝐷) ∙ θ 
(𝐷)

).  

6)  b (1) ∙ θ 
(1)

, ⋯ , b (𝐷) ∙ θ 
(𝐷)

are compared with the true 

parameters (θ ).  

This procedure is illustrated in Fig.3. This method 

assumes that the true parameters of the population (θ ) are 

known. Hence, in a strict sense, the result of this 

simulation is valid when we know the true parameters of 

the population. This is an unrealistic assumption. 

Additionally, we must calculate b (i.e., b (1), ⋯ , b (𝐷) ) for 

each of the D sets of data. This has a high computational 

cost in most situations.  

Therefore, a more practical situation is necessary. We 

assume that one set of data (y) is available. These data and 

the proposed method can be used to calculate b . Then, we 

assume that there are several populations with different 

parameters. If we examine how the obtainedb  works for 

each population, we gain an insight into the validity of the 

proposed method as a tool for estimating the parameters 

usingy. This gives the following procedure. 

 

 
Fig.5. Relationship between b2 and the expected log-likelihood in the light of the future pseudo-data, when fitting a 

normal distribution. ∘ shows the maximum value of the expected log-likelihood for each simulation. For n = 30, the 

average of the expected log-likelihoods of 10 simulations were maximized when  b2 = 1.145 (left), and for n = 50 the 

average of the expected log-likelihoods was maximized when b2 = 1.085 (right). 

 

1) The available data, y, are set to specific values. The 

true parameters of the population (θ ) are assumed to be 

unknown.  

2)  θ  is derived using y and the maximum likelihood 

method.  

3) θ  is used to calculate b  by the method proposed in the 

previous section.  

4) The values of θ (1), ⋯ ,  θ (𝐿) are used as the values of θ . 

These values are close to θ .  
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5)  y(1), ⋯ , y(𝐿) are sampled from the populations; the 

parameters of the respective populations are 

 θ (1), ⋯ ,  θ (𝐿) . [6] The estimates of the parameters of 

the populations (θ (1), ⋯ , θ (𝐿)) are calculated using the 

respective y(1), ⋯ , y(𝐿).  

6) The expected log-likelihoods of the respective 

 θ (1), ⋯ ,  θ (𝐿) are obtained using the probability density 

functions given by  θ (1), ⋯ ,  θ (𝐿). 

7) The expected log-likelihoods of the respective b ∙

 θ  1 , ⋯ , b ∙  θ (𝐿)  are calculated using the probability 

density functions given by  θ (1), ⋯ ,  θ (𝐿). 

8) The results of [7] are compared with those of [8]. We 

decide which method (maximum likelihood or 

proposed) produce the better estimator, assuming that 

the true parameters of each population are one of 

 θ (1), ⋯ ,  θ (𝐿). 

This procedure is illustrated in Fig.4. An advantage of 

this method is that we can determine the range of θ  that 

results in a well-functioning b . If the variances of θ  are 

large and the resultant b  is not always valid, more 

examination is required to determine if b ∙ θ  is really better 

than θ . 

 

IV. SIMULATION OF FITTING DATA TO THE 

NORMAL DISTRIBUTION 
 

We have carried out simulations of fitting data to the 

normal distribution to examine the performance of the 

method proposed in Section 2. In this simulation, the 

processes in <1> through <6> described in Section 2 are as 

follows.  

<1> The distribution of the population is set as N(μ , σ2 ), 

i.e., a normal distribution with mean μ  and variance σ2 . 

Then, we define  

θ 1 = μ ,        θ 2 = σ2 . (4.1) 

We sample 30 data points ({𝑦𝑖}(1 ≤ i ≤ 30)) from the 

population. So for each set, n = 30 . The maximum 

likelihood estimates for these data are calculated using  

θ 1 =
 y𝑖

𝑛
𝑖=1

𝑛
,        θ 2 =  

 (y𝑖−θ 𝑖)2𝑛
𝑖=1

𝑛
. (4.2) 

We assume that the average is 0 and the variance is 4. That 

is, we assume 

θ 1 = 0,        θ 2 =  4. (4.3) 

<2> The sample obtained from the normal distribution of 

Eq.(4.3) is represented using the random variables 

( {Y1
+, Y2

+, ⋯ , Y30
+ } ), the realizations of these random 

variables are {y1
+, y2

+, ⋯ , y30
+ } .These are the available 

pseudo-data. These data lead to the mean ( θ 1
+

) and 

variance (θ 2
+

) by the maximum likelihood method. That is, 

this mean and variance are the maximum likelihood 

estimates given by the available pseudo-data. θ 1
+

andθ 2
+

 are 

obtained by maximizing 

 𝑙 θ1
+, θ2

+|{𝑦𝑖
+} = 

𝑛

𝑖=1

 

−
n

2
log (π)−

n

2
log θ2

+ −
1

2θ2
+  (θ1

+−y𝑖
+)2𝑛

𝑖=1 .   (4.4) 

Then, θ 1
+

 and θ 2
+

 are 

θ 1
+

=
 y𝑖

+𝑛
𝑖=1

n
,        θ 2

+
=  

 (y𝑖
+−θ 1

+
)2𝑛

𝑖=1

n
. (4.5) 

 

 
Fig.6. Relationship between b2 and the expected log-likelihood in the light of the future pseudo-data, when fitting a 

normal distribution. ∘ shows the maximum value of the expected log-likelihood for each simulation. For  n = 30, the 

average of the expected log-likelihoods of 10 simulations was maximized when b2 = 1.145 (left), and for n = 50 the 

average of the expected log-likelihoods was maximized when b2 = 1.085 (right). 

 

<3> A sample {y1
<𝑘>, y2

<𝑘>, ⋯ , y30
<𝑘>} is obtained from 

N(θ 1 , θ 2) . These are the future pseudo-data. The initial 

values for the pseudo-random numbers are then altered to 

generate 5 or 10 sets of data. This results in {y𝑖
<𝑘>}, where 

1 ≤ i ≤ 30, and 1 ≤ k ≤ 5 or 1 ≤ k ≤ 10.  

<4> We can prove that b1θ 1
+

( b1 ≠ 1 ) is not a better 

estimate of θ1than θ 1
+

, in the light of future data. The proof 

is as follows. 
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Let us assume that b1θ 1
+

(b1 ≠ 1) is a better estimate of 

θ1than θ 1
+

, in the light of future data. We also assume that 

the average of the available data (θ 1
+

) is 0. Hence, b1θ 1
+

=
0 holds whatever value b1 (≠ 1) takes. When the origin of 

the coordinate axis is shifted to the left by 1, the data 

values are augmented by 1. Furthermore, the values of the 

data in the future are also augmented by 1. Hence, the 

optimal estimate in the light of data in the future is 

augmented by 1 as well. That is, it becomes 1. However, 

our assumption shows that when θ 1
+

= 1  holds, b1θ 1
+

(=

b1) (b1 ≠ 1 ) is better than θ 1
+

(= 1) . This contradiction 

occurs because of the assumption that b1θ 1
+

(b1 ≠ 1 ) is 

better than θ 1
+

. By contradiction, we prove that b1θ 1
+

(b1 ≠

1) is never better than θ 1
+

. That is, b1 = 1.  

Therefore, only the optimal estimate of θ2 in the light of 

future data is different from the maximum likelihood 

estimate. Hence, the constant that alters θ 2
+

 into the 

proposed estimator is b2 , which converts N(θ 1
+

, θ 2
+

) 

into N(θ 1
+

, b2θ 
2

+
).  

<5> We calculate the expected log-likelihood in the light 

of the future pseudo-data generated in <3>; one of 51 

values ({1, 1.005, 1.01, ⋯ , 1.25} ) is used as b2 . The 

expected log-likelihood is defined as  

1

K
  𝑙  θ 1

+
, b2θ 2

+
|{y𝑖

<𝑘>} 

𝑛

𝑖=1

K

𝑘=1

=
1

K
 (−

n

2
log(2π) −

n

2
log(b2θ 2

+
)

K

𝑘=1

−
1

2b2θ 2
+  (θ 1

+
− y𝑖

<𝑘>)2

𝑛

𝑖=1

),            (4.6) 

where K = 5  or K = 10.  

<6> Using various initial values for pseudo-random 

numbers, Processes <2> through <5> are repeated 1,000 

times. This creates 1,000 values for Eq.(4.6), using the 

fixed value of b2 . Then, we investigate the relationship 

between the average of these values and b2. The value of 

b2 that maximizes the expected log-likelihood in the light 

of the future pseudo-data is b 2. We consider b 2θ 2 to be the 

estimates of the parameters.  

Using various initial values for pseudo-random 

numbers, we repeated this simulation 10 times. The results 

for n = 30  are shown in Fig.5 (left)( K = 5 ) and 

Fig.6(left)(K = 10). In both settings, the average of the 

expected log-likelihoods of 10 simulations was maximized 

when b2 = 1.145 . When  n = 50 , we obtained Fig.5 

(right) (K = 5) and Fig.6 (right)(K = 10). In both settings, 

the average of the expected log-likelihoods of 10 

simulations was maximized when b2 = 1.085 . In these 

simulations, 1,000 sets of pseudo-data were generated by 

altering the initial values for the pseudo-random numbers. 

K sets of future pseudo-data were produced for each set of 

available pseudo-data. That is,(K ∙  1,000) sets of future 

pseudo-data were used. Hence, although K is not large, we 

consider that the results have converged.  

Moreover, we increased the number of times, R, that 

Process <6>was repeated 2,000 times, and setK = 5. The 

results are shown in Fig.7 (left). The average of the 

expected log-likelihoods of 10 simulations was maximized 

when b2 = 1.145. When n = 50, we obtained the results 

in Fig.7(right). The average of the expected log-

likelihoods of 10 simulations was maximized when 

b2 = 1.085. This is the same result as when Process <6>  

was repeated 1,000 times. As is often the case with 

simulations using pseudo-random numbers, it is difficult 

to exactly determine the required number of repetitions 

(R) from theoretical speculations. Therefore, we must 

confirm the appropriate value of R by determining its 

dependencies or by observing variations in simulation 

results (e.g., the 10 simulations in our example).

 

 
Fig.7. Relationship between b2 and the expected log-likelihood in the light of the future pseudo-data, when fitting a 

normal distribution. ∘shows the maximum value of the expected log-likelihood for each simulation. For  n = 30, the 

average of the expected log-likelihoods of 10 simulations was maximized when b2 = 1.145 (left), and for n = 50 it was 

maximized when b2 = 1.085(right). 
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Fig.8. Relationship between(b2, b3) and the expected log-likelihood in the light of the future pseudo-data, for a simple 

regression (R = 500, θ 2 = 400). The four simulations showed that the average of the expected log-likelihoods was 

maximized when (b2 , b3) =  (1.24, 0.96) (left top and right top), (b2 , b3) =  (1.2, 0.94) (left bottom), and (b2 , b3) =
(1.24, 0.94) (right bottom). 

 

 
Fig.9. Relationship between (b2 , b3) and the expected log-likelihood in the light of the future pseudo-data, for a simple 

regression (R = 1,000, θ 2 = 400). The four simulations showed that the average of the expected log-likelihoods was 

maximized at (b2, b3) =  (1.24, 0.96) (left top, right top, and right bottom), and (b2, b3) = (1.2, 0.96) (left bottom). 
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The maximum likelihood estimator of the variance σ𝑙𝑖𝑘𝑒
2 is 

σ𝑙𝑖𝑘𝑒
2  =  

1

n
 (y𝑖 −  

y𝑗

n

𝑛
𝑗 =1 )2𝑛

𝑖=1 . (4.7) 

Because σ𝑙𝑖𝑘𝑒
2  is the maximum likelihood estimator, we 

have σ𝑙𝑖𝑘𝑒
2 = θ 2. Moreover, the “third variance” given by 

multiple regression (σ𝑡ℎ𝑖𝑟𝑑
2 ) is  

σ𝑡ℎ𝑖𝑟𝑑
2 =  

n+q+1

n(n−q−3)
 (y𝑖 −  

y𝑗

n

𝑛
𝑗 =1 )2𝑛

𝑖=1 , (4.8) 

where q is the number of predictors in a multiple 

regression equation. Hence, q = 0holds when fitting the 

normal distribution. Then, we have  

σ𝑡ℎ𝑖𝑟𝑑
2 =  

n+1

n(n−3)
 (y𝑖 −  

y𝑗

n

𝑛
𝑗 =1 )2𝑛

𝑖=1 . (4.9) 

That is, σ𝑡ℎ𝑖𝑟𝑑
2 = θ 2

+
is satisfied. Whenθ 2

+
= b2θ 

2
is taken 

into account, b2 is written as  

b2 =
σ𝑡ℎ𝑖𝑟𝑑

2

σ𝑙𝑖𝑘𝑒
2 =

𝑛 + 1

𝑛 − 3
. (4.10) 

Therefore, when n = 30 , we obtain b2 =  1.148148 . 

This value is close to the result of the above simulation 

(b2 = 1.145). When n = 50 , b2 =  1.085106 , which is 

also close to our simulation results (b2 = 1.085). 

 

V. SIMULATION OF SIMPLE REGRESSION 
 

We have carried out simple regression simulations to 

examine the effectiveness of the proposed method. In this 

simulation, Processes <1> through <6> described in 

Section 2 are as follows. 

<1> The distribution of the population is set as N(μ +

γ x𝑖 , 𝜎 
2) (a normal distribution with mean μ and variance 

𝜎 2 ), where {x𝑖} =  1,2, ⋯ ,30 . Additionally, we assume 

that  

θ 1 = μ ,        θ 2 = σ2 ,      θ 3 = 𝛾 . (5.1) 

Then, we sample 30 data points {𝑦𝑖}from the population, 

where 1 ≤ i ≤ 30 . So n = 30 . We assume that the 

maximum likelihood estimation leads to 

θ 1 = 1,        θ 2 = 400,      θ 3 = 2. (5.2) 

<2> The sample extracted from the normal distribution in 

Eq.(5.2) is represented by random variables 

{Y1
+, Y2

+, ⋯ , Y30
+ } , the realizations of which are 

{y1
+, y2

+, ⋯ , y30
+ } . These are the available pseudo-data, 

which give the maximum likelihood regression 

coefficients (θ1
+, θ2

+, ⋯ , θ30
+

). These estimates are obtained 

by maximizing  

 𝑙 θ1
+, θ2

+, θ3
+|{𝑦𝑖

+} = 𝑛
𝑖=1 −

n

2
log(2π) 

−
n

2
log b2θ2

+ −
1

2b2θ2
+  (θ1

+ + θ3
+x𝑖 − y𝑖

+)2

𝑛

𝑖=1

. 
(5.3) 

We differentiate this equation with respect to θ1
+, θ2

+
, and 

θ3
+

, and set the results equal to 0 to determine θ 1
+

, θ 2
+

, and 

θ 3
+

. Among these, θ 1
+

 and θ 3
+

 are obtained by minimizing 

the following (the residual sum of squares).  

E= (θ1
+ + θ3

+x𝑖 − y𝑖
+)2𝑛

𝑖=1 . (5.4) 

Then, θ 2
+

 is calculated using  

θ 2
+

=
 (y𝑖

+−θ 1
+

−θ 3
+

x𝑖)2𝑛
𝑖=1

n
. (5.5) 

 

 
Fig.10. Relationship between (b2 , b3) and the expected log-likelihood in the light of the future pseudo-data, for a simple 

regression (R = 500, θ 2 = 900). The four simulations showed that the average of the expected log-likelihoods was 

maximized at (b2, b3) =  (1.24, 0.92) (left top, right top), (b2 , b3) =  (1.2, 0.9) (left bottom), and  (b2 , b3) = (1.24, 0.9) 

(right bottom). 
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<3> We obtain {y1
<𝑘>, y2

<𝑘>, ⋯ , y30
<𝑘>}by sampling from 

N(θ 1 , θ 2). These are the future pseudo-data. By altering 

the initial values for the pseudo-random numbers, we 

generate 10 sets of data (i.e., 300 data in total). So, {y𝑖
<𝑘>}, 

where 1 ≤ i ≤ 30, 1 ≤ k ≤ 10, are considered to be the 

future pseudo-data.  

<4>We alter the maximum likelihood estimator for simple 

regression to be the proposed estimator. It converts θ 2
+

 

into b2θ 2
+

. θ 1
+

and θ 3
+

 are converted so that the resultant 

regression equation can be written as 

y=b3θ 3
+

x +θ 1
+

+
(1−b3)  x𝑗

𝑛
𝑗 =1

n
θ 3

+
. (5.6) 

For more details see page 159 of [10]. Hence, in the 

proposed estimator 

b1θ 1
+

=θ 1
+

+
(1−b3)  x𝑗

𝑛
𝑗 =1

n
θ 3

+
. (5.7) 

Therefore, the constants to be optimized are b2and b3.  

<5> We then calculate the expected log-likelihood in the 

light of the future pseudo-data generated in Process <3>. 

One of 11 values ({1, 1.04, 1.08, ⋯, 1.4} ) is used for b2, 

and one of 11 values ({0.86, 0.88, 0.9, ⋯, 1.06 } ) is used 

for b3. This calculation uses  

1

K
  𝑙  θ 1

+
, b2θ 

2

+
, b3θ 

3

+
|{y𝑖

<𝑘>} 

𝑛

𝑖=1

K

𝑘=1

 

=
1

K
 (−

n

2
log 2π −

n

2
log  b2θ 2

+
 −

1

2b2θ 2
+

K

𝑘=1

 

 (b3θ 
3

+
x𝑖+θ 1

+
+   

(1 − b3)  x𝑗
𝑛
𝑗 =1

n
θ 3

+
− y𝑖

<𝑘>)2

𝑛

𝑖=1

) , (5.8) 

 

where K = 10.  

 

 

 
Fig.11. Relationship between(b2 , b3)and the expected log-likelihood in the light of the future pseudo-data, for a simple 

regression (R = 1,000, θ 2 = 900). The four simulations showed that the average of the expected log-likelihoods was 

maximized at (b2, b3) =  (1.24, 0.92)(left top, right top), (b2 , b3) =  (1.2, 0.9) (left bottom), and(b2 , b3) =  (1.24, 0.9) 

(right bottom). 

 

<6> Using various initial values for the pseudo-random 

numbers, we repeat Processes <2> through <5> 500 times. 

This produces 500 values for Eq.(2.3), which have 

different values of (b2 , b3) . Then, we examine the 

functional relationship between the average of those 

values and (b2 , b3) to determine (b 2 , b 3)  that maximizes 

the expected log-likelihood in the light of the future 

pseudo-data. The resulting simple regression equation is  

y=b 3θ 3x +θ 1+
(1−b 3)  x𝑗

𝑛
𝑗=1

n
θ 3. (5.9) 

The estimate of the error variance is b 2θ 2. 
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We ran this simulation 4 times using various initial 

values for the pseudo-random numbers. The results are 

shown in Fig.8. The average of the expected log-

likelihoods in the light of the future pseudo-data was 

maximized in 4 simulations. For two simulations, 

(b2, b3) =  (1.24, 0.96)gave the maximum point, another 

was maximized at (b2 , b3) =  (1.2, 0.94), and the last was 

maximized at (b2, b3) = (1.24, 0.94) . We increased the 

number of repetitions (R) of Process <6> from 500 to 

1,000, for K = 5. The results are shown in Fig.9. In three 

simulations, the maximum expected log-likelihoods were 

obtained when (b2 , b3) = (1.24, 0.96), and the remaining 

was maximized when (b2 , b3) = (1.2, 0.96). 

It took 44.32 seconds to obtain one figure in Fig.9, using 

R (version 2.15.1) on Windows 7 Professional (32bit), 

implemented on a desktop computer with Intel Core i5-

4300M (2.6GHz) CPU. This computational time could be 

significantly reduced if a more efficient language such as 

C were used, in which case the proposed algorithm could 

be applied to more complex problems.  

We also increased θ 2 from 400 to 900 and kept the other 

conditions the same. Then, we maximized the average of 

the expected log-likelihoods in the light of the future 

pseudo-data in four simulations to obtain the results in 

Fig.10. In two simulations, the maximum was obtained at 

(b2, b3) = (1.24, 0.92), in one the maximum occurred at 

(b2, b3) = (1.2, 0.9), and in the last the maximum was 

obtained at (b2 , b3) = (1.24, 0.9) . Moreover, we 

increased the number of repetitions (R) of Process <6> 

from 500 to 1,000. The results are shown in Fig.11. Two 

simulations were maximized at (b2, b3) = (1.24, 0.92) , 

one simulation was maximized at (b2 , b3) = (1.2, 0.9) , 

and one was maximized at (b2 , b3) = (1.24, 0.9). 

[9]showed that the values of b3 illustrated in Fig.12 should 

be used as the gradient, in which ∆ is defined as 

∆=
 var(θ 3)

|θ 3|
. 

(5.10) 

The variance is given by  

𝑣𝑎𝑟 θ 3 =
σ2 

 (x𝑖 − x )2𝑛
𝑖=1

. (5.11) 

Using the same settings as in Fig.8 (σ2 =  400), we 

have ∆= 0.2109357. Applying this value to Fig.12, we 

obtained b3 = 0.9552087 . This value is close to those 

from the above simulations ( b3 = 0.96 and b3 = 0.94 ). 

Furthermore, when the settings are the same as in 

Fig.10(σ2 = 900 ), we have ∆= 0.3164036 . Using this 

value and Fig.12, we obtained b3 = 0.9074706 . This 

value is also close to those in the above simulations 

(b3 = 0.92 and b3 = 0.9).  

Moreover, substituting q = 1 into Eq.(4.9) leads to the 

“third variance” of the simple regression:  

σ𝑡ℎ𝑖𝑟𝑑
2 =  

n+2

n(n−4)
 (y𝑖 −  

y𝑗

n

𝑛
𝑗 =1 )2𝑛

𝑖=1 . (5.12) 

Hence,  

b2 =
σ𝑡ℎ𝑖𝑟𝑑

2

σ𝑙𝑖𝑘𝑒
2 =

𝑛 + 2

𝑛 − 4
. (5.13) 

 

 

Substituting n = 30yields b2 = 1.230769. This value is 

close to the above simulations (b2 = 1.2andb2 = 1.24). 

 

Table 1:𝛉 𝟏, 𝛉 𝟐, and 𝛉 𝟑 of the true population 

True parameters θ 1 θ 2 θ 3 

(A) 0.9 360 1.8 

(B) 0.9 360 2.2 

(C) 0.9 440 1.8 

(D) 0.9 440 2.2 

(E) 1.1 360 1.8 

(F) 1.1 360 2.2 

(G) 1.1 440 1.8 

(H) 1.1 440 2.2 

 

 
Fig.12. Relationship between Δ and the optimal b3 

(Takezawa (2012b)). 

 

However, θ  is not exactly equal to θ . Hence, we have to 

confirm that theb 2andb 3 obtained above are valid, even if 

θ  is slightly different from θ  (Fig.4). The elements of these 

vectors are θ  multiplied by 0.9 or 1.1. We extracted 30 

data ( {𝑦𝑖}(1 ≤ i ≤ 30) ) from the population with the 

parameters given by one of these vectors. Using these 

data, we derived the regression coefficients based on the 

maximum likelihood method. We also extracted 10 sets of 

30 data from the same population to be used as future data. 

Then, we calculated the expected log-likelihood of the 

regression coefficients obtained above. We repeated this 

process 200 times, using various initial values for the 

pseudo-random numbers. Furthermore, we calculated the 

average of the 2,000 (10 sets × 200  times) expected log-

likelihoods. We ran this simulation 10 times with various 

initial values for the pseudo-random numbers. The values 

of θ  specified in (A) through (H) (Table 1) were used to 

produce Fig.13. All of the results indicated that the 

estimator containing b 2 and b 3 results in a larger expected 

log-likelihood than the maximum likelihood estimator. 

They offer good examples of the superiority of the 

proposed estimator when compared with the maximum 

likelihood estimator, in the light of the expected log-

likelihood. 
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Fig.13. Expected log-likelihoods of 10 simulations in the light of future data, when θ  is slightly different from θ . ML is 

the expected log-likelihood given by the maximum log-likelihood, FE is the expected log-likelihood given by the 

proposed estimator. Each of (A-H) indicates that a vector ofθ  (shown in Table 1) was used for the true parameters. 

 

Fig.14. Relationship between b2 and the expected log-likelihood in the light of the future pseudo-data, for a log-normal 

distribution. ∘shows the maximum value of the expected log-likelihood in each simulation. For n = 30, the average of 

the expected log-likelihoods of 10 simulations was maximized when b2 = 1.15 (left), and for n = 50, it was maximized 

when b2 = 1.08 (right). 

 

 
Fig.15. Expected log-likelihoods of 10 simulations in the light of future data, when b2 = 1 (×)and b2 = 1.15 (∘). 

θ 2 = 3.5 (left), θ 2 = 4 (middle), and θ 2 = 4.5 (right). 



 

 

 

Copyright © 2014 IJISM, All right reserved 

505 

International Journal of Innovation in Science and Mathematics 

Volume 2, Issue 6, ISSN (Online): 2347–9051 

 

VI. SIMULATION OF FITTING DATA TO THE 

LOG-NORMAL DISTRIBUTION 
 

The method described in Section 2 can be used to 

estimate the probability density function, even when 

existing methods cannot be used. As an example, in this 

section we fit to the log-normal distribution.  

The probability density function of the log-normal 

distribution is  

𝑑𝑒𝑛 y =
1

 2𝜋σ2 y2

exp(−
1

2σ2 
 log y − μ )2 . 

(6.1) 

Using this probability density function, a simulation 

based on the method shown in Section 2 is carried out as 

follows.  

<1>We set  

θ 1 = μ ,        θ 2 = σ2 . (6.2) 

and sample 30 data points ({𝑦𝑖} , 1 ≤ i ≤ 30) from the 

population. That is, n = 30. We assume that the maximum 

likelihood method gives μ = 0and σ2 = 4 . That is, we 

assume  

θ 1 = 0,        θ 2 = 4. (6.3) 

<2> We produce 30 realizations of the log-normal 

distribution (Eq.(6.1)) with the parameters in Eq.(6.3), 

{y𝑖
+ } , 1 ≤ i ≤ 30 . These are the available pseudo-data. 

These data result in the maximum likelihood estimates of 

μ and σ2 . The estimates are denoted by θ 1
+

and θ 2
+

. We 

derive θ 2
+

 by maximizing  

 𝑙 θ1
+, θ2

+|{y𝑖
+} = 

𝑛

𝑖=1

−
n

2
log 2𝜋 − (6.4) 

n

2
log θ2

+y𝑖
+2 −

1

2θ2
+  (log(y𝑖

+) − θ1
+)2

𝑛

𝑖=1

. 

Hence,  

θ 1
+

=
1

n
 log(y𝑖

+)𝑛
𝑖=1 , (6.5) 

and 

θ 2
+

=
1

n
 (log(y𝑖

+) − θ 1
+

)2

𝑛

𝑖=1

. (6.6) 

<3> We extract samples {y1
<𝑘>, y2

<𝑘>, ⋯ , y30
<𝑘>} from the 

log-normal distribution with θ 1and θ 2. These are the future 

pseudo-data. We generate 10 sets of data (i.e., 300 data 

points) using various initial values for the pseudo-random 

numbers. So, {y𝑖
<𝑘>}, where 1 ≤ i ≤ 30, 1 ≤ k ≤ 10,are 

the future pseudo-data. 

<4> In an analogous way to the method in Section 3, we 

alter θ 2
+

 while θ 1
+

 remains the same. Then, we replace 

θ 2
+

with b2θ 
2

+
.  

<5> We then calculate the expected log-likelihood in the 

light of the future pseudo-data, setting b2 to be one of the 

21 values in {1, 1.01, 1.02, ⋯, 1.2 }. The equation used is  

1

K
  𝑙  θ 1

+
, b2θ 

2

+
|{y𝑖

<𝑘>} 

𝑛

𝑖=1

K

𝑘=1

=
1

K
 (−

n

2
log 2π 

K

𝑘=1

 

−
n

2
log(b2θ 2

+
y𝑖

<𝑘>) −
1

2b2θ 2
+  (log y𝑖

<𝑘> − θ 1
+

)2

𝑛

𝑖=1

) 

(6.7) 

where K = 10.  

 

 
Fig.16. Relationship between b1and the expected log-likelihood in the light of the future pseudo-data, for an exponential 

distribution. ∘shows the maximum value of the expected log-likelihood in each simulation. For n = 30, the average of 

the expected log-likelihoods of 10 simulations was maximized when b1 = 0.965 (left), and for n=50, it was maximized 

when b1 = 0.98 (right). 

 

<6>We repeat Processes <2> through <5> using various 

initial values for the pseudo-random numbers, 5,000 times. 

Then, we investigate the relationship between b2 and the 

average values of Eq.(2.3). We take b 2 to be the value of 

b2 that maximizes the expected log-likelihood in the light 

of the future pseudo-data, and b 2θ 2  to be the estimated 

parameters.  

We ran this simulation 10 times using various initial 

values for the pseudo-random numbers. The results are 

illustrated in Fig.14 (left). For n = 30, the value of b2 that 

maximized the expected log-likelihood in the light of the 

future pseudo-data was b2 = 1.15 . Fig.14 (right) shows 
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the results when n = 50. The average of the expected log-

likelihoods in 10 simulations was maximized when 

b2 = 1.08. 

To confirm that b2 = 1.15 is appropriate when n = 30, 

we compared the results for b2 = 1  and b2 = 1.15  (see 

Fig.4). For this purpose, θ 1 = 0 was fixed and θ 2was set to 

either 3.5, 4, or 4.5. One set of available data was 

generated usingθ 1 and θ 2 . θ 1 andθ 2 were estimated by the 

maximum likelihood method. We calculated the expected 

log-likelihood in the light of the future data using 10 sets 

of future data generated using the same population. We 

repeated this procedure 200 times using various initial 

values for pseudo-random numbers. We then averaged the 

2,000 (10 sets × 200 times) expected log-likelihoods. We 

ran this simulation 10 times using various initial values for 

the pseudo-random numbers. The results are shown in 

Fig.15. The expected log-likelihood when b2 = 1.15 was 

larger than when b2 = 1, even if θ 2 was slightly different 

from θ 2 (=4). 

 

VII. SIMULATION OF FITTING DATA TO THE EXPONENTIAL DISTRIBUTION 
 

 
Fig.17. Expected log-likelihoods of 10 simulations in the light of future data, when b1 = 0.965 (∘) and b1 = 1 (×). 

θ 1 = 1.9 (left), θ 1 = 2 (middle), and  θ 1 = 2.1 (right). 

 

We also ran simulations for an exponential distribution. 

At present, no methods exist for optimizing this estimator 

in terms of the expected log-likelihood.The probability 

density function of the exponential distribution is  

𝑑𝑒𝑛 y = 𝜆 exp( − 𝜆 y)     (0≤y, 0≤𝜆 ). (7.1) 

For this probability density function, the simulation based 

on the proposed method uses the following procedure.  

<1> We assume that the population obeys Eq.(7.1). We set 

θ 1 = λ . (7.2) 

Then, we assume that {𝑦𝑖},where 1 ≤ i ≤ 30, have been 

sampled from the population. That is, n = 30. We assume 

that the maximum likelihood method gives λ = 2. That is,  

θ 1 = 2. (7.3) 

<2> We obtain 30realizations {y𝑖
+} , where 1 ≤ i ≤ 30 , 

from the exponential distribution in Eq.(7.1), specified by 

Eq.(7.3). These are the available pseudo-data. These data 

give θ 1
+

 as λusing the maximum likelihood method. We 

derived θ 1
+

 by maximizing 

 𝑙 θ1
+|{y𝑖

+} = 𝑛
𝑖=1 𝑛 ∙log(θ1

+
)−θ1

+  y𝑖
+𝑛

𝑖=1 . (7.4) 

Then, we obtain θ 1
+

 using  

θ 1
+

=  
n

 y𝑖
+𝑛

𝑖=1

 (7.5) 

<3>We extract samples  {y1
<𝑘>, y2

<𝑘>, ⋯ , y30
<𝑘>} from the 

exponential distribution with θ 1 . We obtain a sample 

{y1
+, y2

+, ⋯ , y30
+ } from the exponential distribution in 

Eq.(4.3).These are the future pseudo-data. We generate 10 

sets of data (i.e., 300 data points) using various initial 

values for the pseudo-random numbers. That is, {y𝑖
<𝑘>}, 

where 1 ≤ i ≤ 30 , 1 ≤ k ≤ 10 , are assumed to be the 

future pseudo-data.  

<4>θ 1
+

 is replaced with b1θ 1
+

.  

<5> We set b1 to be a value in{0.9, 0.905, 0.91, 0.915, ⋯, 

1.0}. We then calculate the expected log-likelihood in the 

light of the future pseudo-data that were produced in <3>. 

Then,  

1

K
  𝑙  b1θ 1

+
|{y𝑖

<𝑘>} 

𝑛

𝑖=1

K

𝑘=1

 

=
1

K
 (n ∙ log  b1θ 1

+
 − b1θ 1

+
 y𝑖

<𝑘>

𝑛

𝑖=1

)

K

𝑘=1

,       (7.6) 

where K = 10.  

<6>We repeat Processes <2> though <5> 5,000 times 

using various initial values for the pseudo-random 

numbers. This produces 5,000 values for Eq.(2.3). Then, 

we investigate the relationship between the average of 

these values and b1 . Then, b 1  is the value of b1  that 

maximizes the expected log-likelihood in the light of the 

future pseudo-data, and b 1θ 1 are the estimated parameters.  

We ran this simulation 10 times using various initial 

values for the pseudo-random numbers. The results for 

n = 30are shown in Fig.16 (left). The value of b1  that 

maximized the expected log-likelihood in the light of the 

future pseudo-data wasb1 = 0.965. Fig.16 (right) shows 

the results when n = 50. The average of the expected log-

likelihoods in 10 simulations was maximized when 

b1 = 0.98.  
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To confirm that b1 = 0.965  is appropriate when 

 n = 30 , we compared the results for b1 = 0.965  and 

b1 = 1 (Fig.4). For this purpose, θ 1  was either 1.9, 2, or 

2.1. The first set of available data was generated using θ 1, 

then  θ 1was estimated by the maximum likelihood method. 

The expected log-likelihood in the light of the future data 

was calculated using 10 sets of future data from the same 

population. We repeated this procedure 2,000 times using 

various initial values for the pseudo-random numbers, and 

averaged the 20,000 (10 sets × 2,000 times) expected log-

likelihoods. We ran this simulation 10 times using various 

initial values for the pseudo-random numbers. The results 

are shown in Fig.17. Setting b1 = 0.965  resulted in a 

larger expected log-likelihood than b1 = 1, even if θ 1 was 

slightly different from θ 1 (=2). 

 

VIII. CONCLUSION 
 

Our simulations indicate that the proposed estimator 

produces better results than the maximum log-likelihood 

method in terms of the expected log-likelihood, for a 

normal distribution and simple regression. These results 

are almost the same as those given by other methods ([8], 

page 247 of [10],[9]). That is, the results of the numerical 

simulations of the normal distribution in Section 4 are 

consistent with the “third variance”. The results of the 

simple regression in Section 5 are close to the values given 

by Fig. 12 and the “third variance”.   

The proposed estimator can also be used to fit log-

normal or exponential distributions, which is not possible 

in existing methods. This is because the method proposed 

here can be applied to any regression or probability 

distribution estimation. However, if the number of 

parameters to be estimated is very large, the method can 

be too computationally intensive. Furthermore, if the 

number of parameters is close to the amount of data, the 

results can be unreliable. Additionally, we must consider 

the possibility that a form other than b ∙ θ 
+

 

(=( b1θ 1
+

, b2θ 2
+

, ⋯ , bm θ 𝑚
+

)𝑡 ) can be used to derive a 

beneficial estimator in terms of the expected log-

likelihood; other criteria than the expected log-likelihood 

should be considered for further research. It is also 

possible that the proposed method is not effective when θ  

is substantially different from the true parameters of the 

population (θ ). This may be the case if the errors contained 

in the data are large and there is a small amount of data, or 

there are high correlations between the elements of θ.  

We should note that if the form of the probability 

density function is limited, analytical analyses can reduce 

the amount of computation or enhance the reliability of the 

results. Additionally, we should conduct a theoretical 

analysis to determine the conditions under which the 

proposed method surpasses the maximum likelihood 

method in terms of the expected log-likelihood.  

Although it is well known that the maximum likelihood 

method does not always give the best results in terms of 

the expected log-likelihood, it is used in most practical 

regression applications. This is because many 

characteristics of the maximum likelihood method have 

been rigorously derived. Moreover, its alternatives are 

limited to methods that produce differences to the 

maximum likelihood estimator in a specified direction, 

such as ridge regression. However, the proposed method 

calculates the estimator by producing differences to the 

maximum likelihood estimator in an unspecified direction, 

and then optimizes the constants in the estimator in terms 

of the expected log-likelihood. At present, the “third 

variance” for estimating the variance of the normal 

distribution is the only exact solution of this optimization.  

Even if we do not find a large number of exact solutions 

for the best estimator in terms of the expected log-

likelihood, we should consider computationally intensive 

methods such as the parametric bootstrap method as tools 

to find such estimators. In some fields (such as agricultural 

or medical science), we have to make the most of a small 

amount of data because it can be very costly to produce. 

Hence, replacing the maximum likelihood method with 

better predictors can have significant advantages in these 

areas. Computational costs have recently been 

dramatically decreasing. Therefore, every effort should be 

made to derive the maximum information from sparse 

data, using computationally intensive methods when 

necessary. We should not stick to the maximum likelihood 

method because it is familiar, and we should seek a means 

to extract the most important information from precious 

data. This strategy will cut the overall costs of deriving 

reliable results from potentially expensive experiments or 

surveys.  

Research on finding exact solutions and their 

characteristics has only just begun. We expect that an 

eclectic approach for determining the exact nature of the 

estimator in the light of future data will develop a general 

theory. If the theory comes to be comparable to that of the 

maximum likelihood method, the estimator in the light of 

future data will take the position of the third estimator, 

following the maximum likelihood and unbiased 

estimators. We expect that the estimator in the light of 

future data will be called the “predictive estimator”, in the 

interest of brevity.  

Broad and detailed research into this methodology will 

create a new era of statistics. We hope that the proposed 

method will work as a simple example for illustrating the 

performance of this method, and encourage further studies. 
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