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Abstract1 – In this paper, we establish the commutativity of
semiprime ring R if, for any x, y  R and k and n are natural
numbers, R satisfy one of the following conditions:
(P1) there exists a positive integer m > 1 such that
[(xn o ym)k ± (xmo y), x] = 0; and
(P2)  there exists a positive integer m > 1 such that
[(xn o ym)k ± (xm o y), y] = 0.
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I. INTRODUCTION

A well known result in ring theory is the theorem of
Herstein [6], which gives a condition on the commutators
x y – y x of a ring that is necessary and sufficient for
commutativity, and established the commutativity of R if,
for each x, y  R there exists a natural number n = n(x, y)
>1 depending on x and y, and R satisfies the condition [x,
y]n = [x, y]. Further, Bell [1] proved that a ring R
generated by nth power of its elements and satisfying the
polynomial identity [xn, y] = [x, yn] for all x, y in R and a
fixed integer n > 1.

From these observations, Harmanci [3] proved the
commutativity of a ring with unity 1 satisfying
[xk, y] = [x, yk], k = n, n+1. Later Gupta [2] extended it for
the commutativity of a semiprime ring R with unity 1
when R satisfies [xm, y]  [x, ym]  Z( R) and [xm+1, y] 
[x, ym+1]  Z( R), for all x, y in R.

It is a natural question: “Whether the existence of unity
1 in the semiprime ring of above result is essential and
both the identities are necessary?” In 2013, Khan et al. [8]
established the commutativity of semiprime ring R satisfies
the ring property: There exists a positive integer m > 1
such that [[xn, ym]k ± [xm, y], x] = 0,  x, y  R and k,  n
are natural numbers. One can ask a natural question:
“Does this result is valid to Jordan product,  (xno ym)k ±
(xmo y) where  (x o y) = x y +y x, instead of Lie product,
[xn, ym]k ± [xm, y]where [x, y] = x y – y x ?” In this paper
we answer this question and prove the result in Section 2
for semiprime ring without identity.  In section 3, we gave
some problems for future endeavours. Now, we define the
following ring properties to establish commutativity of
semiprime rings without unity. If, for any x, y  R and k
and n are natural numbers, then:
(P1)  there exists a positive integer m > 1 such that

[(xno ym)k ± (xmo y), x] = 0;
(P2)  there exists a positive integer m > 1 such that

[(xno ym)k ± (xm o y), y] = 0.

1 The abstract of this article accepted for presentation of “International
conference on rings, near -rings and radicals 7–13 July 2013”,
Bloemfontein, South Africa.

Throughout, R will be an associative ting (may be
without unity 1). Z(R) will represent the center of R, N(R)
the set of all nilpotent elements in R, and C(R) the
commutator ideal of R. For any x, y  R, the commutator
x y  y x will be denoted by [x, y]. The symbol (x o y),we
mean by skew commutator x y + y x. By GF (q), we mean
the Galois field (finite field) with q elements, and (GF
(q))2 the ring of all 2 x 2 matrices over GF(q).

II. COMMUTATIVITY OF A SEMI PRIME RING

We begin with
Theorem 2.1 Let R be a semiprime ring. Then the
following statements are equivalent.
(a) R satisfies (P1).
(b) R satisfies (P2).
(c) R is a commutative ring.

For the proof of the above theorem, we state the
following result.
Lemma 2.2. [1] Let R be a ring satisfying an identity q(X)
= 0, where q(X) is a polynomial in a finite number of
noncommuting indeterminates, its coefficients being
integers with highest common factor 1. If there exist no
prime p for which the ring 2 2 matrices over GF (p)
satisfies q(X) = 0, then R has a nil commutator ideal and
the nilpotent elements of R form an ideal.
Proof of Theorem 2.1. Since a semiprime ring R is
isomorphic to a sub direct sum of prime rings R, each of
, which as a homomorphic image of R satisfies the
hypothesis placed on R. So, we may assume that the ring
R is prime satisfying one of the conditions (a) and (b).
Given R satisfies (c), then (c)(a) and (c)(b) as a
commutative ring R satisfies (a) and (b). Next, we claim
that   (a)  (c) and (b)  (c).
In order to prove the theorem, we break it in two steps.
Step 2.1 Let R be a prime ring satisfying one of the
conditions (a) and (b) of Theorem 2.1.Then R has no
nilpotent elements of R form an ideal.
Proof. Assume w is an element R with w2 = 0 but w ≠ 0.
Let R satisfy (a). Replacing wx for x and w x w for y and
using the fact that t2 = 0, we have

[(wx)mo wxw) ± [(wx)no (wxw)m]k, wx]
= [(wx)m wxw, wx] = (wx)m+3 = 0  x  R.

Next, if R satisfies (b), then by setting wxw for x and xw
for y, we obtain

[(wxw o (xw)m] ± [(wxw)n, (xw)m]k, xw]
= [ wxw (xw)m, xw] = (wx)m+3 = 0  x  R.
If w R ≠ 0, then this shows that w R is nonzero nil right

ideal satisfying tm+3 = 0  t  w R. By an application of a
result of Levitzki [5], rules this out and hence wR = {0},
and primeness of R yields w = 0.
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Step 2.2. Suppose that R is a prime ring satisfying one of
the conditions (a) and (b) of Theorem 2.1.Then the
commutator ideal of R is nil.
Proof. Let R satisfy (a).Then we have

[(xno ym)k ± (xm, y), x] = 0.
This is a polynomial identity with co prime integral

coefficients. But no ring of 2 2 matrices over GF (p), p a
prime, satisfies the property (a), by taking x = e11=









00
01

and y = e12 = 







00
10

. In view of Lemma 2.2,

the commutator ideal of R is nil.
From Step 2.2, the commutator ideal of R is nil, in view

of Step 2.1, R has no nonzero nilpotent elements and
hence R is commutative. This shows (a)  (c).
Using the same way as above, we can prove (b)  (c).

III. REMARKS

3.1 Replacing Jordan Product (xo y)=x y + y x by Lie
product “[x, y]” in (P1 or P2), gives [10].
3.2 Theorem 2.1 shows that the assumption of R is
semiprime ring are sufficient but not necessary (see [9]).
3.3 The ring of 33 strictly upper triangular matrices over
some field provides an example to show that the
semiprime in Theorem 2.1is not superfluous.

IV. COUNTER EXAMPLE

4.1 The ring of nn strictly upper triangular matrices over
an associative ring satisfies the hypothesis of Theorem 2.1,
but need not be commutative for n > 2. So, Theorem 2.1 is
not valid for arbitrary rings.

V. OPEN PROBLEMS

In retrospect, it is tempting to put the following
questions.
5.1 Under what additional conditions are needed to prove
Theorem 2.1 for associative rings?
5.2 Does Theorem 2.1 valid to s–unital rings (left/right)
together with additional constraints?
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