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I. INTRODUCTION

A Bank is an institution for lending, borrowing,
exchanging, issuing, or caring for money. A Commercial
Bank is an institution used for banking purposes with
regard to trade or commerce; mercantile with the sole aim
of having financial gain as an object. In this paper, an
experiment involving 12 similar but scattered suburban
branch offices of a commercial bank, holders of checking
accounts at the offices were offered gifts for setting up
money market accounts. Minimum initial deposits in the
new market account were specified to qualify for the gift.
The value of the gift was directly proportional to the
specified minimum deposit. Various levels of minimum
deposit and related gifts were used in the experiment to
ascertain the relation between the specified minimum
deposit and gift value, on the one hand, and number of
accounts opened at the office, on the other. Altogether six
levels of minimum deposit and proportional gift value
were used, with two of the branch offices assigned at
random to each level. One branch office had a fire during
the period and was dropped from the study. In the results
obtained X is the amount of minimum deposit and Y is the
amount of new market accounts that were opened and
qualified for the gift during the test period.

A linear regression function was fitted in the usual
fashion; it is

XY 48670.072251.50ˆ  (1)
The analysis of variance table also was obtained and is

shown in table IV as well as a scattered plot, together with
the fitted regression line, is shown in fig1. The indications
are strong that a linear regression function is appropriate.
To test this formally, a general linear test approach shall
be use.

The study is aimed at applying the general linear test
approach in determining the appropriateness of the
estimated regression function (1) fitted to the commercial
bank data, obtained from the experiment.

II. THEORETICAL FRAMEWORK

Reference [6] shows the general linear test approach in
terms of the simple linear regression model. They began
with the model appropriate for the data, which in this
context is called the full or unrestricted model. For the
simple linear regression case, the full model is the normal
error regression model (2):

iii XY   10 (2)

The analysis of variance test of 00  versus 01  is

an example of the general test for a linear statistical model
(2).

Reference [4] shows that the “degree of linear
association” between X and Y, or similar terms, in a linear
regression such as (2) need not to be mentioned. The
reason is that the usefulness of estimates or predictions
depends upon the width of the interval and the user’s
needs for precision, which vary from one application to
another. Hence, no single descriptive measure of the
degree of linear association can capture the essential
information as to whether a given regression relation is
useful in any particular application.

Reference [3] is of the view that no single measure will
be adequate for describing the usefulness of a regression
model for different applications. Still, the coefficients of
correlation and determination are widely used.
Unfortunately, they are subject to serious
misunderstandings, some of, which include that a high
coefficient of correlation indicates that the estimated
regression line is a good fit. This is not necessarily true,
because in a study carried as in [2] shows a scatter plot
where the coefficient of correlation is high (r = 0.83).
Yet a linear regression function was not a good fit since
the regression relation is curvilinear.

In an assertion, as in [5] shows that a coefficient near
zero indicates that X and Y are not related. This also is not
necessarily correct as indicated in a study as in [1] shows a
scatter plot where the coefficient of correlation between X
and Y is r = 0.13. Yet X and Y are strongly related;
however, the relationship between the two variables is
curvilinear.
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III. METHODOLOGY

In this paper, the estimated regression model (1) on the
number of new money market accounts (Y) that were
opened and qualified for the gift and the amount of
minimum deposit (X) is to be tested using the general
linear approach to determine the appropriateness or
inappropriateness of the model fitted to the commercial
bank data. The model (1) was obtained by the method of
maximum likelihood, and obtains the error sum of squares.
The method of least squares may also be used to obtain the
estimated linear regression model. Reference [1] defines
the error sum of squares as the sum of the square
deviations of each observation Yi around its estimated
expected value. In this context, the sum of squares is
denoted by SSE (F) to indicate that it is the error sum of
squares for the full model. Thus

      2
10 ii XbbYESS (3a)

    SSEYYESS ii 
2ˆ (3b)

Thus, for the full model (2), the error sum of squares is
simply SSE, which measures the variability of the Yi

observation around the fitted regression line. The general
linear approach begins with the specification of the full
model. The full model used for the lack of fit test makes
the same assumption as the simple linear regression model
(2) except for assuming a linear regression relation, the
subject of the test. This full model is:

ijjijY   (4)

Where: j are parameters j = 1… c

ij are independent  2,0 N

Since the error terms have expectation zero, it follows
that:

  jijYE  (5)
Thus, the parameter ),....,1( cjj  is the mean response

when X = Xj.
Reference [6] shows that the full model (4) is like the

regression model (2) in stating that each response Y is
made of two components: the mean response when X = Xj

and a random error term. The difference between the two
models is that in the full model (4) there are no restrictions
on the mean j , whereas in the regression model (2) the

mean responses are linearly related to X
  ... 10 XYei  

To fit the model to the data, the least squares or
maximum likelihood estimators for the parameters j is

required. It can be shown that these estimators of j are

simply the means jY :

jj Ŷ (6)

Thus the estimated expected value for observation Yij is

jY , and the error sum of squares for the full model

therefore is:

    
j i

jij SSPEYYFSSE
2

(7)

In the context of the test for lack of fit, the full model
error sum of squares (7) is called the pure error sum of
squares and is denoted by SSPE. It is pertinent to note that
the SSPE is made up of the sums of squared deviations at
each X level. At level X = Xj, this sum of squared
deviations is:

  
i

jij YY
2

(8)

These sums of squares are then added over all of the X
levels (j =1… c). Note that any X level with no
replications makes no contribution to SSPE because

jj YY 1 then. Thus, (152 – 152)2 for j = 4 in the bank

data of table III. Table I below presents the data in its
original form for the analysis.
Table I: Data for suburban branch offices of a commercial

experiment
Branch Size of Minimum

Deposit (Naira)
Number of New

Accounts

i Xi Yi

1 125 160
2 100 112
3 200 124
4 75 28
5 150 152
6 175 156
7 75 42
8 175 124
9 125 150

10 200 104
11 100 136
12 * *

Fig 1 below shows the scatter plot and the fitted
regression line for the bank data experiment of table I.

Fig.1. Scatter Plot and Fitted Regression Line – Bank Data
Experiment

The degree of freedom associated with SSPE can be
obtained by recognizing that the sum of square deviations
(8) at a given level of X is like an ordinary total sum of
squares based on n observations, which has n – 1 degrees
of freedom associated with it. Here, there are nj

observations when X = Xj: hence the degrees of freedom
are nj – 1. Just as SSPE is the sum of the component
degrees of freedom. It is worthy to note that the reduced

Size of Minimum Deposit
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jj Ŷ (6)

Thus the estimated expected value for observation Yij is

jY , and the error sum of squares for the full model

therefore is:

    
j i

jij SSPEYYFSSE
2

(7)

In the context of the test for lack of fit, the full model
error sum of squares (7) is called the pure error sum of
squares and is denoted by SSPE. It is pertinent to note that
the SSPE is made up of the sums of squared deviations at
each X level. At level X = Xj, this sum of squared
deviations is:

  
i

jij YY
2

(8)

These sums of squares are then added over all of the X
levels (j =1… c). Note that any X level with no
replications makes no contribution to SSPE because

jj YY 1 then. Thus, (152 – 152)2 for j = 4 in the bank

data of table III. Table I below presents the data in its
original form for the analysis.
Table I: Data for suburban branch offices of a commercial

experiment
Branch Size of Minimum

Deposit (Naira)
Number of New

Accounts

i Xi Yi

1 125 160
2 100 112
3 200 124
4 75 28
5 150 152
6 175 156
7 75 42
8 175 124
9 125 150

10 200 104
11 100 136
12 * *

Fig 1 below shows the scatter plot and the fitted
regression line for the bank data experiment of table I.

Fig.1. Scatter Plot and Fitted Regression Line – Bank Data
Experiment

The degree of freedom associated with SSPE can be
obtained by recognizing that the sum of square deviations
(8) at a given level of X is like an ordinary total sum of
squares based on n observations, which has n – 1 degrees
of freedom associated with it. Here, there are nj

observations when X = Xj: hence the degrees of freedom
are nj – 1. Just as SSPE is the sum of the component
degrees of freedom. It is worthy to note that the reduced

150 200 250
Size of Minimum Deposit



Copyright © 2014 IJISM, All right reserved
261

International Journal of Innovation in Science and Mathematics
Volume 2, Issue 2, ISSN (Online): 2347–9051

model is the ordinary linear regression model (2), with the
subscripts modified to recognize the existence of
replications. It is known that the estimated expected value
for observation Yij with regression model (2) is the fitted

value :îjY

jij XbbY 10
ˆ  (9)

Hence, the error sum of squares for the reduced model is
the usual sum of squares SSE:

      2
10 jij XbbYRSSE (10a)

=    SSEYY ijij
ˆ

(10b)
The general linear test approach next requires

consideration of the reduced model under H0.  For testing
the appropriateness of a linear regression relation, the
alternatives are

 
  XYEH

XYEH

a 10

100

:

:







(11)

Thus, H0 postulates that j in the full model (4) is

linearly related to Xj:

jj X10   (12a)
The reduced model under H0 therefore is:

ijjij XY   10 (12b)

Reference [6] gives the general linear test statistics as:
   

FFR df

SSPE

dfdf

RSSERSSE
F 




* (13a)

where dfR and dfF represents the number of degree of
freedom. Here F* becomes:

    cn

SSPE

cnn

SSPESSE
F








2

* (13b)

The difference between the two error sums of squares is
called the lack of fit sum of squares here and is denoted by
SSLF:

The test statistics can then be express as follows:

MSPE

MSLF

cn

SSPE

c

SSLF
F 







2
* (14)

Where MSLF denotes the lack of fit mean square and
MSPE denotes the pure error mean square.

Reference [8] shows that the analysis of variance
approach provides us with a battery of highly useful tests
for regression models (and other linear statistical models).
For the simple linear regression model considered here,
the analysis of variance provides us with a test for:

0:

0:

1

10







aH

H
(15)

Reference [8] further asserts that the test statistics for
the analysis of variance approach compares MSR and
MSE in the following fashion:

MSE

MSR
F * (16)

The general analysis of variance table for testing lack of
fit of a simple linear regression function is shown in table
II below:

Table II: General ANOVA Table for Testing Lack of Fit
of Simple Regression Function

Source of
Variation

Sum of Square DF MS

Regression  2ˆ YYSSR ij  1

1

SSR

Error   
2

îjij YYSSE
n-2

2n

SSE

Lack of fit   
2

îjj YYSSL
c - 2

2c

SSLF

Pure error   
2

jij YYSSPE n - c

cn

SSPE


Total   

2
YYSSTO ij

n -1

IV. FINDINGS

First, the notation was modified to recognize the
existence of replications at some level of X. The original
data was presented in an arrangement that recognizes the
replicates. Table III presents the same data as Table II, but
in an arrangement that recognizes the replicates, as can be
seen below.

Table III: Data Arranged by Replicate Number and Minimum deposit – Bank Data Experiment
Size of Minimum Deposit (Naira)

j =1 j =2 j = 3 j = 4 J = 5 j = 6
Replicate X1=75 X2 = 100 X3 = 125 X4 = 150 X5 = 175 X6 = 200

i = 1 28 112 160 152 156 124
i = 2 42 136 150 124 104

Mean 35 124 155 152 140 114

The different levels of X in the study, whether or not
replicated observations are present, as X1,…,Xc. For the
commercial bank data, c = 6 since there are six minimum
deposit size levels in the study, for five of which there are
two observations and for one there is a single observation.
In the analysis, X1= 75 (the smallest minimum deposit
level), X2 = 100,… ,X6 = 200. Further, we shall denote the
number of replicates for the jth level of X by nj, for our

bank data experiment, 1465321  nandnnnnn .

Thus, the total number of observations n is given by





c

j
jnn

1

(17)

We shall denote the observed value of the response
variable for the ith replicate for the jth level of X by Yij,
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model is the ordinary linear regression model (2), with the
subscripts modified to recognize the existence of
replications. It is known that the estimated expected value
for observation Yij with regression model (2) is the fitted

value :îjY

jij XbbY 10
ˆ  (9)

Hence, the error sum of squares for the reduced model is
the usual sum of squares SSE:

      2
10 jij XbbYRSSE (10a)

=    SSEYY ijij
ˆ

(10b)
The general linear test approach next requires

consideration of the reduced model under H0.  For testing
the appropriateness of a linear regression relation, the
alternatives are
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Thus, H0 postulates that j in the full model (4) is

linearly related to Xj:
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The reduced model under H0 therefore is:
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Reference [6] gives the general linear test statistics as:
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where dfR and dfF represents the number of degree of
freedom. Here F* becomes:
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The difference between the two error sums of squares is
called the lack of fit sum of squares here and is denoted by
SSLF:

The test statistics can then be express as follows:
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Where MSLF denotes the lack of fit mean square and
MSPE denotes the pure error mean square.

Reference [8] shows that the analysis of variance
approach provides us with a battery of highly useful tests
for regression models (and other linear statistical models).
For the simple linear regression model considered here,
the analysis of variance provides us with a test for:
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Reference [8] further asserts that the test statistics for
the analysis of variance approach compares MSR and
MSE in the following fashion:

MSE
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F * (16)

The general analysis of variance table for testing lack of
fit of a simple linear regression function is shown in table
II below:
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IV. FINDINGS

First, the notation was modified to recognize the
existence of replications at some level of X. The original
data was presented in an arrangement that recognizes the
replicates. Table III presents the same data as Table II, but
in an arrangement that recognizes the replicates, as can be
seen below.

Table III: Data Arranged by Replicate Number and Minimum deposit – Bank Data Experiment
Size of Minimum Deposit (Naira)

j =1 j =2 j = 3 j = 4 J = 5 j = 6
Replicate X1=75 X2 = 100 X3 = 125 X4 = 150 X5 = 175 X6 = 200

i = 1 28 112 160 152 156 124
i = 2 42 136 150 124 104

Mean 35 124 155 152 140 114

The different levels of X in the study, whether or not
replicated observations are present, as X1,…,Xc. For the
commercial bank data, c = 6 since there are six minimum
deposit size levels in the study, for five of which there are
two observations and for one there is a single observation.
In the analysis, X1= 75 (the smallest minimum deposit
level), X2 = 100,… ,X6 = 200. Further, we shall denote the
number of replicates for the jth level of X by nj, for our

bank data experiment, 1465321  nandnnnnn .

Thus, the total number of observations n is given by





c

j
jnn

1

(17)

We shall denote the observed value of the response
variable for the ith replicate for the jth level of X by Yij,

Copyright © 2014 IJISM, All right reserved
261

International Journal of Innovation in Science and Mathematics
Volume 2, Issue 2, ISSN (Online): 2347–9051

model is the ordinary linear regression model (2), with the
subscripts modified to recognize the existence of
replications. It is known that the estimated expected value
for observation Yij with regression model (2) is the fitted

value :îjY
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where    i =1,…,nj, j=1,…,c. For the bank data experiment
(table 3), Y11 = 28, Y21 =42, Y12 = 112, and so on.
Finally, the mean of the Y observations at the level X = Xj

is .jY Thus,
 

35
2

4228
1 


Y , and 152

1

152
4 Y .

Note that SSPE is made up of the sums of squared
deviations at each X level. At level X = Xj. These sum of
squares are then added over all of the X levels ( j = 1, … ,
c). Hence, for the bank data experiment:

       
       
      1.148114104114124140124

140156155150152152155160

12413612411235423528

222

2222

2222





SSPE

The number of degrees of freedom associated with
SSPE is the sum of the component degrees of freedom

  
j

jF cnndf 56111 . Also, the degree of

freedom associated with SSE (R) = dfR = n – 2 = 9 and
SSE (R) = SSE = 14, 741.6, while the SSLF = 14,741.6 –
1,148 = 13,593.6 and c -2 = 6 – 2 = 4. Having obtained the
necessary values for the test statistics, then

80.14
5

148,1

4

6.593,13* F

The analysis of variance table for the bank data

experiment is shown in table 4 below:

Table IV: Analysis of Variance Table for Bank Data

Experiment

Source of

Variation

Sum of

Squares

Degrees of

Freedom

Mean

Square

Regression 5,141.3 1 5,141.3

Error 14,741.6 9 1,638.0

Total 19,882.9 10

V. RECOMMENDATION/CONCLUSION

It is a well known fact that large values of F* lead to
conclusion Ha in the general linear test. The decision rule
here becomes:

 cncFF  ,2;1If *  (18a)

Conclude H0.

 cncFF  ,2;1If *  (18b)

Conclude Ha

The level of significance used here is 01.0 , the
required critical value is F(0.99; 4, 5) = 11.4. Since F* =
14.80 > 11.4, Ha is concluded, that the regression function
is not linear. This implies that there is no linear association
between minimum deposit size (and value of gift) and
number of new accounts. This, of course, accords with the
visual impression from fig1.

Suppose that prior to any analysis of the appropriateness
of the model, we had fitted a linear regression model and
wished to test whether or not 01  for the bank

experiment (Table IV). Test statistic (16) would be:

14.3
0.638,1

3.141,5* 
MSE

MSR
F (19)

For α = .10, F(.90;1,9) = 3.36, and we conclude H0, that
β1 = 0 or that there is no linear association between
minimum deposit size (and value of gift) and number of
new accounts. A conclusion that there is no relation
between these variables will be improper; however, such
an inference requires that regression model (2) be
appropriate. Here, there is a definite relationship, but the
regression function is not linear. This illustrates the
importance of always examining the appropriateness of a
model before any inferences are drawn. As shown by the
commercial bank data, not all levels of X need have repeat
observations for the F test for lack of fit to be applicable.
Repeat observations at only one or some levels of X are
sufficient.

It can be shown that the mean squares MSPE and MSLF
have the following expectations when testing whether the
regression function is linear:

  2MSPEE (20)

    
2

2
102




 

c

Xn
MSLFE

jjj 
 (21)

The reason for the term “pure error” is that MSPE is
always an unbiased estimator of the error term variance

,2 no matter what is the true regression function. The

expected value of MSLF is also 2 if the regression
function is linear, because jj X10   then and the

second term in (21) becomes zero. On the other hand, if
the regression function is not linear, jj X10   and

E(MSLF) will be greater than 2 . Hence, a value F* near
1 accords with a linear regression function; large values of
F* indicate that the regression function is not linear.

The terminology “error sum of squares” and “error
mean square” is not precise when the regression function
under test in H0 is not the true function since the error sum
of squares and error mean square then reflect the effects of
both the lack of fit and the variability of the error terms.
We continue to use this terminology for consistency and
now use the term “pure error” to identify the variability
associated with the error term only.

The alternative Ha in (11) includes all regression
functions other than a linear one. For instance, it includes
a quadratic regression function or a logarithmic one. If Ha

is concluded, a study of residuals can be helpful in
identifying an appropriate function.

When we conclude that the employed model in H0 is
appropriate, the usual practice is to use the error mean
square MSE as an estimator of ∂2 in preference to the pure
error mean square MSPE, since the former contains more
degrees of freedom.
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