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Abstract – We consider homogenization questions related 

to Maxwell partial differential equations. More precisely, we 

consider an assembly of particles, viewed as dipoles, 

separated in a periodic way by a typical length 2  . The size 

of each dipole is denoted by r . Depending on the relative 

size of these two scales, we describe the limit partial 

differential equations, showing a typical discontinuity in the 

effective frequency. 
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I. INTRODUCTION 
   

In this paper, we consider a diffraction problem with a 

given fixed frequency . It can be described as follows. In 

, we consider a finite number N of balls in a domain 
of  and an electromagnetic wave hitting the balls. 

These balls can be interpreted as small particles or more 

generally as small heterogeneities. Numerous works were 

made to study optic metallic particles properties and the 

first work was made by Garnett Maxwell [8]. He 

considered the passage of light through a dielectric 

medium that contains a lot of small metallic spheres in a 

volume comparable to a wave length. With the help of the 

Lorentz-Lorenz formula, Garnett Maxwell showed that 

such an assembly is equivalent to a mean medium with a 

certain complex refractive index. 

In a paper published in 1908, G.Mie [8, 10] got, using 

electromagnetic theory, an explicit solution for the 

diffraction of a plane wave by a homogeneous sphere. He 

also treated the case of several metallic spheres provided 

that they are all of the same diameter and of same 

composition [8, 10, 11]. All in all, all these works deal 

with the assembly diffraction problem by looking for 

explicit solutions for Maxwell's equations, and thus are 

limited to perfect conductor boundary conditions. 

In this paper, we shall use the mathematical variational 

method to study this problem and without looking for an 

explicit solution, since we shall also use other boundary 

conditions, of Calderon type, which are closer to our 

physical interpretation. 

In fact, let us mention that the above mentioned works 

also deal with high frequency length , so depending also 

on the length of each particle. Here we assume that this 

frequency is fixed, and planned to deal with this problem 

later, since this is a much more complex situation. 

Let   be a bounded regular open set of . In   , we 

consider a given assembly of  N   particles and outside  , 

an incident (on  ) electromagnetic field with a fixed 

frequency   >1  (see figure 1 at the end of paper). 

Recall that, while solving Maxwell's equations with a 

frequency  , we are led to an electric field E and a 

magnetic field B, the pair being a solution of the stationary 

Maxwell's system see [21]. 

This solution can be written as the sum of two kinds of 

waves, the reflected wave, living outside the domain  , 

and the transmitted wave, living in the interior of the 

domain see [13,14,15,17]. 

In this paper, we are interested in the asymptotic 

behavior of the reflected and transmitted waves, when the 

number of particles N goes to infinity. In the domain  , 
we assume that each particle behaves as an electric dipole 

as regards to the incident wave. Each electric dipole 

depends on the dipolar moment of the particle, itself 

depending on the electromagnetic field E, B. Let us 

introduce some notations to simplify our problem. 

We denote by 0 and 0 the magnetic permeability and 

electric permittivity (assumed to be constant). 3CP

stands for the dipolar momentum and
0 for Dirac 

distribution at zero.  

 

II. MICROSCOPIC PROBLEM FOR ONE 

PARTICLE 
 

We shall first consider that our assembly of particles is 

reduced to a single particle. In this case, it is possible to 

deduce scattering laws in the vicinity of this particle. It 

yields a modification by equivalent boundary conditions. 

Then we will be able to consider our full assembly of 

particles. Most of the computations below can be found in 

classical books on electromagnetism [15, 18,19], but we 

have used heavily a presentation due to Cessenat [12]. We 

will need the following definition. 

Definition (1). We call outgoing (resp. incoming) 

Sommerfeld's condition at infinity the following condition 

on u    
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for a given vector valued function u , with o uniform with 

respect to  
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An outgoing (resp. incoming) wave is a (vector) solution  

u   of the Helmholtz equation in the whole space  

in2 fuku  , 

with 0k  and f a distribution with compact support, and 

u satisfying the outgoing (resp. incoming) Sommerfeld's 

condition, for more details see [3,4,5,12]. 

Now, we assume herein that we have only one dipole, 

centered at the origin with a dipolar momentum P (see 

figure 2 at the end of paper). Thus the total 

electromagnetic field E, B is solution of Maxwell's 

problem 
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(1.3) 

Classically, we also impose Silver-Muller radiation 

condition at infinity (outgoing wave condition) 

   (1.4) 

where  

 
(1.5) 

Let us first recall why system (1.3) along with the 

condition at infinity (1.4) has an unique solution E, B. For 

this purpose, we start by recalling some known facts for 

Helmholtz equation in , see the references [9,10,11, 12] 

for complete details. 

Let the function 
out defined on  by 

r

e
rx

ikr

4
)()(      (1.6) 

It satisfies 

   (1.7) 
out corresponds to an outgoing wave due to the 

(point) source 0 . Its conjugate is the elementary incoming 

solution  int . 

Furthermore, if f be a distribution in  with compact 

support, then the convolution product (which is an 

outgoing wave) 

,fu 


     (1.8) 

satisfies the Helmholtz equation (1.2).  

Unicity of Helmholtz equation together with the 

outgoing condition at infinity results from [19], [21]. With 

these preliminaries, we can eliminate in system (1.3) 

electric field E or the magnetic field H, in order to obtain 

equations on E or on H only. By standard computations, 

letting 

   (1.9) 

we obtain the (vector) Helmholtz equations in   

             (1.10) 

where jm


,  are distributions with compact support, defined 

by (1.9). 

As in the case of scalar Helmholtz equation, it is 

necessary to introduce conditions at infinity in order to 

obtain a well-posed problem. Thus, we shall assume that 

system (1.10) satisfy the Silver-Muller condition at 

infinity (1.4). 

Then system (1.10) with (1.4) has an unique solution (E, 

H) in  see [12], given by the convolution 

products as 

mHjE


 ,              (1.11) 

where 
out is the elementary outgoing solution of the 

Helmholtz equation, given by (1.6). 

In the following, we are interested in the behavior of 

these fields near a fixed sphere around the origin, assumed 

to be our single dipole. 

Next, fix a radius 0r . Here 0 is a small parameter 

and r depends on  . In fact  will denote the typical 

distance between two dipoles (see figure 3 below at the 

end of paper). 

From the above results, one obtains that the electric field 

and the magnetic field are linked on the surface
r

S of the 

ball of radius r centered at the dipole by 
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Denoting by  
0

0
kZ    the impedance of the vacuum, see 

[12], we have also 

,0HZE              (1.13) 

where 
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. Note also that  0. H  . 

Denoting by 
incC the local (scattering) Calderon 

operator, giving the relation between the tangential 

components of E and H, and letting
r

S be the projection 

on the tangent plane to the sphere
r

S then from (1.13), one 

can write 

E
Z

E
Z

HEC
rSinc










 

00

1
)(

1
)(

(1.14) 

 Since EEE
rS
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 . It is important to notice that relation (1.14) is 

independent from dipolar momentum and position of the 

(single) particle. We remark, see [12], that  
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and thus 
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Notice that as  0r   we have,  )(

 r
iO . 

Furthermore, the Calderon operator

incC satisfies on the 

boundary of our domain (  ) the relation (similarly 

to the exterior Calderon operator) 

 

                                 (1.16) 
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III. MICROSCOPIC PROBLEM FOR N CHARGED 

PARTICLES 
 

Now, we can consider an assembly of N particles inside 

our domain 3R and apply the previous framework for 

this purpose. 

Let ),( incinc HE be the incident electromagnetic field 

with frequency and the wave length of the incident 

electromagnetic field. Recall that  ,2
c
    where 0c

is a constant. 
Let 0 be a small parameter identified as being the 

previous parameter .  We assume our N particles are 

located inside a box ' strictly included in  , (

),0),(dist '    at point  j , Nj ......1 . Let j

r
B


 be 

the ball with radius 2/
2




  rkr , centered at jx . 

This assumption seems to be superfluous, but in fact it is 

linked with the aim of getting uniform a priori estimates 

near the boundary. 

We denote by  the domainwith all the balls j

r
B


  

removed. We note by NjS j
r

.......1, 


the surfaces of these 

balls. In view of the previous section, let ),(  HE be the 

electromagnetic field in  , which is created by the 

incident field. It is then solution of Maxwell's problem  
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(1.17) 

where

incC is given by (1.14) and 

)( inc
e

incinc EnCHnf              (1.18) 

with incE  given as above and eC is the exterior Calderon 

operator which describes the scattering from the exterior 

of  . We describe more precisely its action in the next 

section. Problem (1.17) is the interior problem. 

3.1 The exterior problem 
In this section, we describe the exterior problem arising 

in our electromagnetic problem. 

Let  be a bounded connected domain. Let us first 

describe the exterior Calderon operator eC We will forget 

the parameter  without possible confusion. The exterior 

Calderon operator eC is defined as the mapping  

),div(),div(: 2/12/1   HHCe
 

given by 1)( HnmCe 


, where ),( 11 HE is solution of 

the following exterior problem (with incEnm  , for 

some incE )  

 
Recall that, see [12] 

)}(,),div(,)({),rot( 3

loc RDHuDuH ccc 


  

and the trace space is defined as 

.)}(div,0.,)({:),div( 2/132/12/1  


 HuunHuH


 

Proposition 1. For a given incEnm   in  

),(2/1  divH , the exterior problem )(Ext has a unique 

solution in  ).,rot(),rot( locloc
cc HH    

The proof of Proposition Ext follows from [12, 22, 19]. 

 

IV. VARIATIONAL FRAMEWORK AND UNIFORM 

ESTIMATES 
 
A. Uniform estimates for the interior problem 

From problem (1.17), we obtain, for all F in 

})(rot,)({),rot( 3232

  LuLuH , the 

following (weak) formulation 

 
(2.19) 

Let ee CiC 0

~
 and Since

0

0

Z
K


 ,

0 , are 

constants in our domain, we have the following variational 

formulation  

 
(2.20) 

This is the natural variational formulation associated 

with problem (1.17), (1.18). Let us set 

 
(2.21) 

Recall that, see [12], the variational formulation a is 

clearly a sesquilinear and continuous, and also coercive,    

there is a constant 
0 such that  

                    (2.22) 

 The form 


dFfF inc .  being continuous on  

),rot( H , we can apply, Lax-Milgram Lemma, and thus 
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problem (1.17), (1.18) has an unique solution in 

),rot( H  under the following variational formulation:  

),rot( 
 HE satisfies  

),rot(,.),( 
    HFdFfiFEa inc    (2.23) 

For the uniform estimates (wrt  ), and by taking
EF  in (2.19), and using the uniform estimate for the 

exterior problem and Cauchy-Schwarz inequality, see 

[12], we have  

),rot(
2

),( |||||),(|||||






   HrotH EcEEaE  

Thus one has the uniform estimate  

 
B. Uniform estimate for the exterior problem 

The exterior problem is given by the fields ),( 11
 HE   

solutions of 
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Here E is the transmitted electric field of the previous 

section and incE is given in .),div(2/1 H  
Using the 

uniform estimate of (1.17),(1.18)  problem, one has, see 

[12] 

),rot(111
2

),(1 |||||),(||||| cHcrotH
EcEEaE


   

 Thus one has  

cE crotH


 ),(1 ||||   

 where c is a constant independent from  . 

 

V. HOMOGENIZATION 
 

In this paper, we shall study the above problem under 

one the following scaling assumptions  

 1
0

)(lim HYP
kr





 

 or  

 2)(HYPckr    

where
4
10  c is strictly positive fixed constant. We will 

proof the following theorem. 

Theorem 1:  Let E  be the variational solution of 

problem (1.17). Denoting by .~ the extension by  0   in the 

holes, then (up to a subsequence) 

 
 Furthermore, we have 

1) Under assumption 2)(HYP and with (1.18), E is the 

variational solution of problem 

 

 

 where  is a constant (given 

below ) and  
Y

   is the characteristic function of Y
 . 

2) Under assumption  
1)(HYP   and with (1.18), E is the 

variational solution of problem 

.)(.)(.)(rot.rot
1

0
0

  
dxfdxxEidxxE

i
inc


 

 for all ),(  rotH . 

The above (mathematical) formulations (in case 1) are 

expressing the fact that the weak limits satisfy a modified 

Maxwell's equation, with effective electric constants inside
 , that is more precisely  

          
Taking into account the exterior problem, it shows that 

the global frequency has changed, since the global 

frequency in our domain depends on the length of each 

particle and on the boundary conditions. 

Proof of theorem 1. 

1) Under assumption 2)(HYP   

By (2.24), )
~

( E is bounded in 32 )(L , as well as 

3)otr~( E . Therefore, we can extract two sub-sequences 

such that  

             (3.25) 

            (3.26) 

From [2, 17, 22], we can also arrange that for the same 

sequences, there exists two two-scale limits,  
320320 )(,)( YLVYLE  , such that for any  

3))(,(),( YCDyx p
 , one has  

 
 (3.27)

 
(3.28) 

For all 3))(,(),(  YCDyx p
 

with compact 

support (in  y  ) in  Y  , let us note that an integration by 

parts yields  

.)],(rot),(rot.[
~

),(.otr~ dx
x

x
x

xEdx
x

xE yx








    

 

Passing to the limit in both terms with the help of two-

scale convergence gives 

0),(rot).,(0  
dxdyyxyxE y

Y
  

that is  

              (3.29) 

Now, we add to the assumption on ),( yx  the 

condition 0),(rot yxy , with compact support in x as 

well as in  y   in  Y . Since 

,),(rot).(
~

),().(otr~ dx
x

xxEdx
x

xxE x





 

 
  

using two-scale convergence, we are led this time to 
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dxdyyxyxEdxdyyxyxV x
YY

),(rot).,(
~

),().,( 0   
  

(3.30) 

and thus integrating by parts in    , we get  

dxdyyxyxEdxdyyxyxE x
Y

x
Y

),().,(rot),(rot).,( 00   


Hence 

     (3.31) 

We shall use all these facts to identify 0E and V. 

As 0),(rot 0 yxEy
, then there exist )(1

1

 YH    

)(11

 YHh  such that, see [3, 4, 5, 12] 

          (3.32) 

where  

}0)().(,0div,0rot,)({)( 32
1   yuynuuYLuYH yy


 

and one can write (here Y
 being the characteristic 

function of  Y ) 

           (3.33) 

Here  is the3 valued function defined, for Yy by 

 
(3.34) 

each 
i

~  being solution in  )(1 YH   of 

            (3.35) 

Note that  We use (3.31) and 

(3.33) to get 

 
Integrating by parts in , one has  

 

for any
3))(,(),(),( YCDyxyx p

 . Thus   

      (3.36) 

Thus one has, see ]10,5,4,3[   

             (3.37) 

Now, consider the oscillating test function  constructed 

in [1] but in the case  ckr  with as domain. In , 

one has  

  
where  is a fixed periodic function of y , see again [1] 

for details. Of course  

 
where a is a constant. We extend  by identity outside of  

' , that is in './   

Now, for any )( C , we take )(W in the 

variational formulation  )19.3(  . 

Since 0 Wn on the small balls, it follows that  

 

 (3.38) 

As 0 , one has 

 

     (3.39) 

which, on using (3. 37), yields 

 

        (3.40) 

 where   is a constant. 

For the exterior problem with the same assumptions, we 

find easily that the limit of the electric field 

1E  (resp. the 

magnetic field

1E ) satisfies a homogenized system with 

the same constant coefficients. This concludes the proof of 

Theorem 1: In case of assumption .)( 2HYP  

2) Under assumption 1)(HYP   

Again, using (2.24), we can still assume that 

 

 
 For all  in 3)(C , one has 

 
(3.43) 

 Firstly let us show that  

 

 We use the oscillating test function W given in [1] but 

in ' and extended by identity in './    

Let 3))((  

cC


. Then  

 
(3.45) 

 since the 0][   W   strongly in  .)( 32 L   Then  

 

 (3.46) 

Thus  

 EV xrot  

 Now, we take in  )19.4(   under the form ][W , 

3))((  C


and we have  
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VI. CONCLUSION 
 

We have fined the homogenized equations for our 

problem, interior problem and exterior problem, and we 

gets the same homogeneous constant which is  normal 

because the two problems are lies, but as on our boundary 

we have two  kinds of waves, reflected and transmitted, 

thus we gets two different effective frequency. 
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Fig.1.  a bounded regular open set of . In  , we 

consider a given assembly of  N   particles and outside  , 

an incident (on  ) electromagnetic field with a fixed 

frequency 0 
 

 
Fig.2. Problem of only one dipole, centered at the origin 

with a dipolar momentum P  
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Fig.3. Distance between two dipoles. 
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