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Abstract –We introduce a new model with buthtab hazard rate named the Burr X exponentiated exponential 

(BXEEx) distribution. Some structural properties of this model are derived. The BXEEx density can be expressed as a 

linear mixture of exponential densities. The model parameters are estimated via the maximum likelihood. We compare 

BXEEx model with other extended forms of exponential distribution using of two real life data sets to prove its 

flexibility empirically. 
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I. INTRODUCTION 

There are many of continuous models which are used in modelling data in several areas such as environmental 

and biomedical sciences, engineering and economics among other applied areas. However, extended forms of 

some classical distributions are needed to fits very well all real data in different applied areas. 

The exponential distribution has been used for analyzing real-life data because it analytically tractable. 

However, its applicability is limited since it provides only a constant hazard rate. Furthermore, density function of 

the exponential distribution is only decreasing. 

Recently, the exponential distribution has been received an increased interest among statisticians to improve its 

flexibility through proposing extended version of it. For example, Gupta and Kundu (2001) defined the 

exponentiated exponential, Jones (2004) studied the beta exponential, Pinho et al. (2015) introduced Harris 

extended exponential distribution, Afify et al. (2016a) defined the Kumaraswamy transmuted exponential 

distribution, Mahdavi and Kundu (2017) introduced two-parameter alpha power exponential, Rasekhi et al. (2017) 

proposed modified exponential, Mansoor et al. (2018) studied Marshall–Olkin logistic-exponential, Afify et al. 

(2018) proposed the odd exponentiated half-logistic exponential and Nassar et al. (2019) introduced the 

Marshall–Olkin alpha power exponential distributions. 

The exponentiated exponential (EEx) distribution (Gupta and Kundu, 2001) with two-parameter has only 

decreasing or increasing hazard rate depending on its shape parameter. The EEx model has many properties which 

are similar to those of the two-parameter gamma model whereas its cumulative distribution function (CDF) has an 

explicit expression like two-parameter Weibull distribution. 

The CDF of the EEx distribution is defined by  

𝐺(𝑥; 𝛼, 𝜆) = (1 − e−𝜆𝑥)𝛼 . 

The probability density function (PDF) of EEx distribution takes the form  

𝑔(𝑥; 𝛼, 𝜆) = 𝛼𝜆e−𝜆𝑥(1 − e−𝜆𝑥)𝛼−1, 

where the shape parameter 𝛼, and the scale parameter 𝜆 are positive. Further details about EEx distribution can 
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be explored in Gupta and Kundu (2001). 

Our main aim in this article is to propose a more flexible distribution called Burr-X exponentiated exponential 

(BXEEx) distribution, by adding one shape parameter to EEx model. Furthermore, the BXEEx distribution 

provides better fits than other extensions of the exponential model and it can be used in modelling several lifetime 

data. 

Recently, Yousof et al. (2016) proposed a family of univariate distributions named Burr X-G(BX-G) class. For 

any baseline CDF, say 𝐺(𝑥; 𝛙), the BX-G family has the following CDF (for 𝑥 > 0) given by  

𝐹(𝑥; 𝜃, 𝛙) = {1 − exp [− (
𝐺(𝑥;𝛙)

𝐺(𝑥;𝛙)
)

2

]}
𝜃

.                                                                      (1) 

The corresponding PDF of the BX-G has the folloing form  

𝑓(𝑥; 𝜃, 𝛙) =
2𝜃𝑔(𝑥; 𝛙)𝐺(𝑥; 𝛙)

𝐺(𝑥; 𝛙)3
exp [− (

𝐺(𝑥; 𝛙)

𝐺(𝑥; 𝛙)
)

2

] 

× {1 − exp [− (
𝐺(𝑥;𝛙)

𝐺(𝑥;𝛙)
)

2

]}
𝜃−1

,                                                                               (2) 

where 𝜃 > 0 is a shape parameter and 𝐺(𝑥; 𝛙) = 1 − 𝐺(𝑥; 𝛙). The BXEEx distribution is constructed based on 

the BX-G family and some of its mathematical properties are provided. 

The article is organized as follows. In Section 2, we define the BXEEx distribution. We provide an important 

linear representation for the PDF of the BXEEx distribution. Section 4 is devoted to derive some mathematical 

properties of BXEEx distribution. Section 5 describes the estimation of model parameters by maximum likelihood 

estimation. In Section 6, the flexibility of the BXEEx distribution is discussed using two real data sets. We give 

some remarks in Section 7. 

II. THE BXEEX DISTRIBUTION 

In this section, we define the BXEEx distribution and provide some plots of its PDF and hazard rate function 

(HRF). The CDF of the BXEEx distribution is defined by 

𝐹(𝑥) = (1 − exp {− [
(1−e−𝜆𝑥)𝛼

1−(1−e−𝜆𝑥)𝛼]
2

})

𝜃

, 𝑥 > 0, 𝛼, 𝜆, 𝜃 > 0.                                                  (3) 

Using Equation (2) and the PDF and CDF of the EEx model, we obtain the PDF of the BXEEx model  

 

𝑓(𝑥) =
2𝛼𝜆𝜃e−𝜆𝑥(1 − e−𝜆𝑥)2𝛼−1

[1 − (1 − e−𝜆𝑥)𝛼]3
exp [− (

(1 − e−𝜆𝑥)𝛼

1 − (1 − e−𝜆𝑥)𝛼
)

2

] 

× (1 − exp {− [
(1−e−𝜆𝑥)𝛼

1−(1−e−𝜆𝑥)𝛼]
2

})

𝜃−1

, 𝑥 > 0.                                                                 (4) 

The BXEEx distribution reduces to BX-exponential (BXEx) distribution with 𝛼 = 1.Figure 1 shows some 

curves for the BXEEx density. These curves illustrate that the BXEEx density can be reversed J-shaped, skewed to 
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the left, symmetric and skewed to the right. The HRF plots of the BXEEx distribution are shown in Figure 2 which 

shows decreasing-increasing, increasing and bathtub shapes for its HRF. 

III. LINEAR REPRESENTATION 

Applying generalized binomial expansion, one can write Equation (3) as 

𝐹(𝑥) =𝑗=0
∞ (−1)𝑗 (

𝜃
𝑗

) exp {−𝑗 [
(1 − e−𝜆𝑥)𝛼

1 − (1 − e−𝜆𝑥)𝛼
]

2

}. 

Using the exponential series, we get  

𝐹(𝑥) =𝑗,𝑘=0
∞

(−1)𝑗+𝑘𝑗𝑘

𝑘!
(

𝜃
𝑗

)
(1 − e−𝜆𝑥)2𝑘𝛼

[1 − (1 − e−𝜆𝑥)𝛼]2𝑘
. 

Consider the power series for |𝑧| < 1 

 

Fig. 1. Some possible plots of the BXEEx PDF. 

 
Fig. 2. Some possible plots of the BXEEx HRF  

(1 − 𝑧)−𝑘 =𝑛=0
∞ (−1)𝑛 (

−𝑘
𝑛

) 𝑧𝑛 , 𝑘 > 0.                                                                  (5) 

Applying (5) to [1 − (1 − e−𝜆𝑥)𝛼]
−2𝑘

, we obtain  

𝐹(𝑥) =𝑗,𝑘,𝑖=0
∞ (−1)𝑗+𝑘+𝑖𝑗𝑘

𝑘!
(

𝜃
𝑗

) (
−2𝑘
𝑖

) (1 − e−𝜆𝑥)𝛼(2𝑘+𝑖).                                                   (6) 

The last equation reveals that the BXEEx CDF can be written as a mixture of EEx CDFs with power parameter 

𝛼(2𝑘 + 𝑖). 
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By differentiating equation (6), one can obtain 

𝑓(𝑥) =𝑗,𝑘,𝑖=0
∞

(−1)𝑗+𝑘+𝑖𝑗𝑘𝛼(2𝑘 + 𝑖)

𝑘!
(

𝜃
𝑗

) (
−2𝑘
𝑖

) 𝜆e−𝜆𝑥(1 − e−𝜆𝑥)𝛼(2𝑘+𝑖)−1. 

Applying binomial expansion to (1 − e−𝜆𝑥)𝛼(2𝑘+𝑖)−1, the last equation can be rewritten as 

𝑓(𝑥) =𝑗,𝑘,𝑖,𝑚=0
∞

(−1)𝑗+𝑘+𝑖+𝑚𝑗𝑘𝛼(2𝑘 + 𝑖)

𝑘!
(

𝜃
𝑗

) (
−2𝑘
𝑖

) × (
𝛼(2𝑘 + 𝑖) − 1
𝑚

) 𝜆e−(𝑚+1)𝜆𝑥. 

Hence, the BXEEx density has the following mixture  

𝑓(𝑥) =𝑚=0
∞ 𝜔𝑚𝑔(𝑥; (𝑚 + 1)𝜆),                                                                            (7) 

where 𝑔(𝑥; (𝑚 + 1)𝜆) is the Ex density with scale parameter (𝑚 + 1)𝜆 and 

 𝜔𝑚 =𝑗,𝑘,𝑖=0
∞ (−1)𝑗+𝑘+𝑖+𝑚𝑗𝑘𝛼(2𝑘+𝑖)

(𝑚+1)𝑘!
(

𝜃
𝑗

) (
−2𝑘
𝑖

) (
𝛼(2𝑘 + 𝑖) − 1
𝑚

). 

Equation (7) shows that the BXEEx PDF can be expressed as a mixture of Ex densities. 

IV. PROPERTIES 

Let a random variable 𝑍 has the Ex distribution with with scale parameter 𝜆. The PDF of 𝑍 is defined by 

𝑔(𝑧) = 𝜆exp(−𝜆𝑧), 𝜆, 𝑧 > 0. Then, the 𝑞th ordinary moment of 𝑍 is given by 𝜇𝑞,𝑍
′ = 𝜆−𝑞Γ(𝑞 + 1), the 𝑞th 

incomplete moment of 𝑍 is given by 𝜑𝑞,𝑍(𝑡) = 𝜆−𝑞𝛾(𝑞 + 1, 𝜆𝑡) and the moment generating function (MGF) of 

𝑍 is given by 𝑀𝑍(𝑡) =
𝜆

𝜆−𝑡
, 𝑡 ≠ 0, where Γ(⋅) denotes complete gamma function and 𝛾(⋅,⋅) denotes lower 

incomplete gamma function. 

Now we derive some properties of the BXEEx distribution including quantile and generating functions, 

ordinary moments, incomplete moments, mean residual life, mean inactivity time and order statistics. 

4.1.Quantile and Generating Functions 

The quantile function (QF) of the BXEEx distribution follows, by inverting (3), as  

𝑥𝑢 = 𝑄(𝑢) =
−1

𝜆
log {1 −

[−log(1−𝑢
1
𝜃)]

1/2

1+[−log(1−𝑢
1
𝜃)]

1/2}.  (8) 

Simulating the BXEEx random variable is straightforward. 

Using the MGF of 𝑍  and Equation (7), the MGF of the BXEEx model can be expressed 

as𝑀𝑋(𝑡) =𝑚=0
∞ 𝜔𝑚

(𝑚+1)𝜆

(𝑚+1)𝜆−𝑡
. 

4.2.Some Moments 

The 𝑛th ordinary moment of 𝑋 can be obtained from Equation (7) as𝜇𝑛
′ =𝑚=0

∞ 𝜔𝑚[(𝑚 + 1)𝜆]−𝑛Γ(𝑛 + 1). 

The 𝑛th incomplete moment of 𝑋 can be rewritten as 𝜑𝑛(𝑡) =𝑚=0
∞ 𝜔𝑚[(𝑚 + 1)𝜆]−𝑛𝛾(𝑛 + 1, (𝑚 + 1)𝜆𝑡). 

The first incomplete moment follows from the last equation with 𝑛 = 1 as 
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𝜑1(𝑡) =𝑚=0
∞ 𝜔𝑚[(𝑚 + 1)𝜆]−1𝛾(2, (𝑚 + 1)𝜆𝑡).                                                           (9) 

The first incomplete moment has applications related to Bonferroni and Lorenz curves which are important in 

demography, reliability, economics and insurance. The first incomplete moment is also used to obtain the MRL 

and MIT. 

The mean residual life (MRL) 𝑚𝑋(𝑡) = 𝐸[(𝑋 − 𝑡)|𝑋 > 𝑡], of 𝑋 is defined by  

𝑚𝑋(𝑡) = [1 − 𝜑1(𝑡)]/𝐹(𝑡) − 𝑡, 𝑡 > 0,                                                                     (10) 

where 𝐹(. ) is the survival function. 

By inserting (9) in Equation (10), the MRL of 𝑋  reduces to𝑚𝑋(𝑡) =
1

𝐹(𝑡)𝑚=0

∞
𝜔𝑚[(𝑚 + 1)𝜆]−1𝛾(2, (𝑚 +

1)𝜆𝑡) − 𝑡. 

The mean inactivity time (MIT), 𝑀𝑋
′ (𝑡) = 𝐸[(𝑡 − 𝑋)|𝑋 ≤ 𝑡] , of 𝑋  is given by 𝑀𝑋

′ (𝑡) = 𝑡 − [𝜑1(𝑡)/

𝐹(𝑡)], 𝑡 > 0. 

Using (9) and the last equation, the MIT of the BXEEx distribution follows as 𝑀𝑋
′ (𝑡) = 𝑡 −

1

𝐹(𝑡)𝑚=0

∞
𝜔𝑚[(𝑚 +

1)𝜆]−1𝛾(2, (𝑚 + 1)𝜆𝑡). 

4.3. Order Statistics 

Let 𝑋1, ⋯ , 𝑋𝑛 be a random sample from the BXEEx distribution. The density of 𝑋𝑖:𝑛 can be written as  

𝑓𝑖:𝑛(𝑥) =
𝑛!𝑓(𝑥)

(𝑛−𝑖)!(𝑖−1)!
∑𝑛−𝑖

𝑗=0 (−1)𝑗 (
𝑛 − 𝑖
𝑗

)  𝐹(𝑥)𝑗+𝑖−1.                                                       (11) 

Based on Equations (3) and (4), and applying some algebra, one can write  

𝑓(𝑥)𝐹(𝑥)𝑗+𝑖−1 = 2𝜃𝛼𝜆e−𝜆𝑥(1 − e−𝜆𝑥)2𝛼−1 ∑

∞

𝑤,𝑙=0

(−1)𝑤+𝑙(𝑤 + 1)𝑙

𝑙!
× (

𝜃(𝑗 + 𝑖) − 1
𝑤

)
(1 − e−𝜆𝑥)2𝑙𝛼

[1 − (1 − e−𝜆𝑥)𝛼]2𝑙+3
. 

Applying (5) to [1 − (1 − e−𝜆𝑥)𝛼]
−(2𝑙+3)

, one can write 

𝑓(𝑥)𝐹(𝑥)𝑗+𝑖−1 = 2𝜃𝛼𝜆e−𝜆𝑥 ∑

∞

𝑤,𝑙,𝑘=0

(−1)𝑤+𝑙+𝑘(𝑤 + 1)𝑙

𝑙!
× (

𝜃(𝑗 + 𝑖) − 1
𝑤

) (
2𝑙 + 3
𝑘

) (1 − e−𝜆𝑥)𝛼(2𝑙+𝑘+2)−1. 

Applying generalized binomial series, the above equation reduces to 

𝑓(𝑥)𝐹(𝑥)𝑗+𝑖−1 = 2𝜃𝛼 ∑

∞

𝑤,𝑙,𝑘,𝑚=0

(−1)𝑤+𝑙+𝑘(𝑤 + 1)𝑙

𝑙!
(

𝜃(𝑗 + 𝑖) − 1
𝑤

) × (
2𝑙 + 3
𝑘

) (
𝛼(2𝑙 + 𝑘 + 2) − 1
𝑚

) 𝜆e−(𝑚+1)𝜆𝑥 . 

Inserting above equation in (11), the PDF of 𝑋𝑖:𝑛 reduces to  

𝑓𝑖:𝑛(𝑥) = ∑∞
𝑚=0 𝜑𝑚 𝑔(𝑥; (𝑚 + 1)𝜆),                                                                      (12) 

where 𝑔(𝑥; (𝑚 + 1)𝜆) is the Ex density with parameter (𝑚 + 1)𝜆 and  

𝜑𝑚 = 2𝜃𝛼 ∑

∞

𝑤,𝑙,𝑘=0

∑

𝑛−𝑖

𝑗=0

(−1)𝑤+𝑙+𝑘(𝑤 + 1)𝑙

(𝑚 + 1)𝑙! B(𝑖, 𝑛 − 𝑖 + 1)
(

𝑛 − 𝑖
𝑗

) × (
𝜃(𝑗 + 𝑖) − 1
𝑤

) (
𝜃(𝑗 + 𝑖) − 1
𝑤

) (
2𝑙 + 3
𝑘

). 

That is, the PDF of the BXEEx order statistics is a linear combination of Ex densities. The 𝑟th moment of 
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𝑋𝑖:𝑛can be expressed, based on Equation (12), as𝐸(𝑋𝑖:𝑛
𝑟 ) = ∑∞

𝑚=0 𝜑𝑚[(𝑚 + 1)𝜆]−𝑟Γ(𝑟 + 1). 

V. PARAMETER ESTIMATION 

Now the unknown parameters of the BXEEx distribution are estimated via the maximum likelihood method. 

Let 𝑋1, ⋯ , 𝑋𝑛 be a random sample from this model with parameter vector 𝛗 =(𝛼, 𝜆, 𝜃) ⊺. The log-likelihood 

function for 𝛗 takes the following form 

ℓ = 𝑛log(2𝛼𝜆𝜃) − 𝜆 ∑

𝑛

𝑖=1

𝑥𝑖 − 3 ∑

𝑛

𝑖=1

log[1 − (1 − e−𝜆𝑥𝑖)𝛼] + (2𝛼 − 1) ∑

𝑛

𝑖=1

log(1 − e−𝜆𝑥𝑖 ) − ∑

𝑛

𝑖=1

[
(1 − e−𝜆𝑥𝑖)𝛼

1 − (1 − e−𝜆𝑥𝑖)𝛼
]

2

+ (𝜃 − 1) ∑

𝑛

𝑖=1

log (1 − exp {− [
(1 − e−𝜆𝑥𝑖)𝛼

1 − (1 − e−𝜆𝑥𝑖)𝛼
]

2

}). 

The score vector elements are derived as 

𝑈𝛂 =
𝜕ℓ

𝜕𝛼
=

𝑛

𝛼
+ 3 ∑

𝑛

𝑖=1

𝑠𝑖
𝛼 log(𝑠𝑖)

1 − 𝑠𝑖
𝛼 + 2 ∑

𝑛

𝑖=1

log(𝑠𝑖) − 2 ∑

𝑛

𝑖=1

𝑠𝑖
2𝛼(1 − 𝑠𝑖

𝛼) log(𝑠𝑖
2𝛼) + 𝑠𝑖

3𝛼 log(𝑠𝑖
𝛼)

(1 − 𝑠𝑖
𝛼)

3  

−2(𝜃 − 1) ∑

𝑛

𝑖=1

[𝑠𝑖
2𝛼(1 − 𝑠𝑖

𝛼)log(𝑠𝑖
2𝛼) + 𝑠𝑖

3𝛼log(𝑠𝑖
𝛼)]exp [−

𝑠𝑖
2𝛼

(1−𝑠𝑖
𝛼)

2]

(1 − 𝑠𝑖
𝛼)

3
{1 − exp [−

𝑠𝑖
2𝛼

(1−𝑠𝑖
𝛼)

2]}
, 𝑈𝜆 =

𝜕ℓ

𝜕𝜆
 

=
𝑛

𝜆
− ∑

𝑛

𝑖=1

𝑥𝑖 + 3 ∑

𝑛

𝑖=1

𝛼𝑥𝑖e−𝜆𝑥𝑖𝑠𝑖
𝛼−1

1 − 𝑠𝑖
𝛼 + (2𝛼 − 1) ∑

𝑛

𝑖=1

𝑥𝑖e−𝜆𝑥𝑖

𝑠𝑖
− 2 ∑

𝑛

𝑖=1

𝛼𝑥𝑖e−𝜆𝑥𝑖𝑠𝑖
2𝛼−1

(1 − 𝑠𝑖
𝛼)

3  

+2(𝜃 − 1) ∑

𝑛

𝑖=1

𝛼𝑥𝑖e−𝜆𝑥𝑖𝑠𝑖
2𝛼−1exp [−

𝑠𝑖
2𝛼

(1−𝑠𝑖
𝛼)

2]

(1 − 𝑠𝑖
𝛼)

3
{1 − exp [−

𝑠𝑖
2𝛼

(1−𝑠𝑖
𝛼)

2]}
 

and 

𝑈𝜃 =
𝜕ℓ

𝜕𝜃
=

𝑛

𝜃
+ ∑𝑛

𝑖=1 log {1 − exp [−
𝑠𝑖

2𝛼

(1−𝑠𝑖
𝛼)

2]},                                                                        (13) 

where 𝑠𝑖 = 1 − e−𝜆𝑥𝑖 . 

The nonlinear system of equations 𝑈𝛂 = 𝑈𝜆 = 0  and 𝑈𝜃 = 0  can be solved by nonlinear optimization 

methods like the quasi-Newton algorithm to numerically maximize ℓ. Using (13) and for fixed 𝛼 and 𝜆, we can 

obtain �̂�(𝛼, 𝜆) as  

𝜃(𝛼, 𝜆) = −𝑛/ ∑

𝑛

𝑖=1

log {1 − exp [−
𝑠𝑖

2𝛼

(1 − 𝑠𝑖
𝛼)2

]}. 

VI. APPLICATIONS 

We use two real life data sets to show the flexibility of the BXEEx distribution. We shall compare it with some 

other competitive models which are listed in Table 1. We shall consider some goodness-of-fit measures namely: 

minus the maximized log-likelihood (−ℓ̂), Akaike information criterion (𝐴𝐼𝐶), Bayesian information criterion 

(𝐵𝐼𝐶 ), consistent Akaike information criterion ( 𝐶𝐴𝐼𝐶 ), Hannan-Quinn information criterion ( 𝐻𝑄𝐼𝐶 ), 𝐾𝑆 

(Kolmogorov Smirnov) and its 𝑃𝑉 (p-value). These measures are used to compare the fits of the competitive 

distributions.The first data set was studied by Nichols and Padgett (2006) and represents 100 observations of 

breaking stress of carbon fibres (in Gba). 

The data are: 3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 
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1.87, 3.15, 4.90, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.53, 2.67, 2.93, 3.22, 3.39, 2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 

2.85, 2.56, 3.56, 3.15, 2.35, 2.55, 2.59, 2.38, 2.81, 2.77, 2.17, 2.83, 1.92, 1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 

3.68, 1.84, 1.59, 3.19, 1.57, 0.81, 5.56, 1.73, 1.59, 2.00, 1.22, 1.12, 1.71, 2.17, 1.17, 5.08, 2.48, 1.18, 3.51, 2.17, 

1.69, 1.25, 4.38, 1.84, 0.39, 3.68, 2.48, 0.85, 1.61, 2.79, 4.70, 2.03, 1.80, 1.57, 1.08, 2.03, 1.61, 2.12, 1.89, 2.88, 

2.82, 2.05, 3.65. These data have been analyzed by Afify et al. (2014) and Afify et al. (2016b). 

Table 1. Some Competitive Models of the Bxeex Distribution. 

 Distribution   Abbreviation   Author(s)  

Exponential   Ex   –  

Marshall–Olkin alpha power Ex   MOAPEx   Nassar et al. (2019)  

Marshall–Olkin logistic Ex   MOLEx   Mansoor et al. (2018)  

Marshall–Olkin Nadarajah–Haghighi   MONH   Lemonte et al. (2016)  

Beta Ex   BEx   Jones (2004)  

Transmuted generalized Ex   TGEx   Khan et al. (2017)  

Exponentiated Ex   EEx   Gupta and Kundu (2001)  

Alpha power Ex   APEx   Mahdavi and Kundu (2017)  

Gamma   Ga   –  

The second data set was studies by Kundu and Raqab (2009) and consists of 𝑛 = 74 observations which 

represents the gauge lengths of 20 mm. The data are: 1.312, 1.314, 1.479, 1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 

1.958, 1.966, 1.997, 2.006, 2.021, 2.027, 2.055, 2.063, 2.098, 2.140, 2.179, 2.224, 2.240, 2.253, 2.270, 2.272, 

2.274, 2.301, 2.301, 2.359, 2.382, 2.382, 2.426, 2.434, 2.435, 2.478, 2.490, 2.511, 2.514, 2.535, 2.554, 2.566, 

2.570, 2.586, 2.629, 2.633, 2.642, 2.648, 2.684, 2.697, 2.726, 2.770, 2.773, 2.800, 2.809, 2.818, 2.821, 2.848, 

2.880, 2.809, 2.818, 2.821, 2.848, 2.880, 2.954, 3.012, 3.067, 3.084, 3.090, 3.096, 3.128, 3.233, 3.433, 3.585, 

3.585. These data have been analyzed by Afify et al. (2015) and Afify et al. (2017). 

The numerical values for comparing the fitted models, for two data sets, are given in Tables 2 and 4. The MLEs 

of the model parameters and their standard errors (SEs) are listed in Tables 3 and 5. 

The histogram and the fitted PDF of the BXEEx distribution and other fitted models for two data sets are shown 

in Figures 3 and 6. Figures 4 and 7 display the probability probability (PP) plots for two data sets.Further, Figures 

5 and 8 provide the fitted PDF, CDF, SF and PP plots of the BXEEx model. 

Table 2.Numerical Criteria for Breaking Stress of Carbon Fibres Data. 

  Distribution  −𝓵 𝑨𝑰𝑪 𝑩𝑰𝑪 𝑪𝑨𝑰𝑪 𝑯𝑸𝑰𝑪 𝑲𝑺 𝑷𝑽 

 BXEEx    141.33    288.67    296.49    288.92    291.83    0.0645    0.7987  

 MOAPEx    141.36    288.72    296.53    288.97    291.88    0.0657    0.7799  

 MOLEx    141.61    109.84    116.75    110.18    112.60    0.0593    0.9569  

 MONH    142.05    290.11    297.92    290.36    293.27    0.0639    0.8084  

 BEx    143.24    292.48    300.30    292.73    295.65    0.0935    0.3461  

 Ga    143.23    290.46    295.67    290.59    292.57    0.0934    0.3471  
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  Distribution  −𝓵 𝑨𝑰𝑪 𝑩𝑰𝑪 𝑪𝑨𝑰𝑪 𝑯𝑸𝑰𝑪 𝑲𝑺 𝑷𝑽 

 APEx    144.20    292.41    297.62    292.53    294.51    0.0954    0.3228  

 TGEx    144.41    294.83    302.64    295.08    297.99    0.0966    0.3078  

 EEx    146.18    296.36    301.57    296.48    298.47    0.1077    0.1962  

 Ex    146.37    394.74    397.34    394.78    395.79    0.3206    0.0000  

 
Fig. 3. Fitted densities for breaking stress of carbon fibres data 

Table 3.The Estimates and Ses for Breaking Stress of Carbon Fibres Data. 

  Distribution    Estimates  

 BXEEx    0.4256    0.1112     2.8121  

 (𝛼, 𝜆, 𝜃 )    (0.1751)    (0.0508)    (1.5675)  

 MOAPEx    681.88    1.5679    8.1097  

 (𝛼, 𝜆, 𝜃 )    (2185.9)    (0.1868)    (7.1792)  

 MOLEx    1.6862    41.2674    0.8989  

 (𝛼, 𝜃, 𝜆 )    (0.6976)    (42.9163)    (0.5087)  

 MONH    0.8254    3.0008    145.189  

 (𝛼, 𝜆, 𝜃 )    (0.4280)    (5.2241)    (300.70)  

 BEx    5.9605    34.5462    0.0615  

 (𝑎, 𝑏, 𝜆 )    (0.8218)    (61.141)    (0.1021)  

 Ga    5.9526    2.2708   

 (𝑎, 𝑏 )    (0.8193)    (0.3261)   

 APEx    34031.7    1.0996   

 (𝛼, 𝜆 )    (12329)    (0.0495)   

 TGEx    6.1873    -0.6837    1.1019  

 (𝛼, 𝜃, 𝜆 )    (1.9283)    (0.2793)    (0.0947)  

 EEx    7.7882    1.0132   

 (𝛼, 𝜆 )    (1.4962)    (0.0875)   

 Ex    0.3815    

 (𝜆 )    (0.0381)    
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Fig. 4. PP plots for breaking stress of carbon fibres data 

 
Fig. 5. Fitted PDF, CDF, SF and PP plots of the BXEEx model for breaking stress of carbon fibres data. 
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Table 4. Numerical Criteria for Gauge Lengths Data. 

  Distribution  −ℓ 𝐴𝐼𝐶 𝐶𝐴𝐼𝐶 𝐵𝐼𝐶 𝐻𝑄𝐼𝐶 𝐾𝑆 𝑃𝑉 

 BXEEx    51.15    108.31    108.65    115.22    111.06    0.0583    0.9626  

 MOAPEx    51.90    109.80    110.14    116.71    112.56    0.0443    0.2723  

 MOLEx    51.92    109.84    110.18    116.75    112.60    0.0593    0.9569  

 MONH    51.97    109.95    110.29    116.86    112.71    0.0569    0.9698  

 BEx    53.17    112.35    112.69    119.26    115.11    0.0682    0.8809  

 Ga    53.16    110.33    110.49    114.93    112.16    0.0681    0.8821  

 TGEx    56.77    119.54    119.88    126.45    122.29    0.0843    0.6684  

 EEx    58.80    121.60    121.77    126.21    123.44    0.0953    0.5121  

 APEx    73.30    150.61    150.78    155.22    152.45    0.1919    0.0086  

 Ex    141.1    284.25    284.31    286.56    285.17    0.4495    0.0000  

Table 5. The estimates and SEs for gauge lengths data. 

  Distribution    Estimates  

 BXEEx    1.5636    0.4496    2.3665  

 (𝛼, 𝜆, 𝜃 )    (1.2220)    (0.1941)    (1.8103)  

 MOAPEx    272245.5    3.6042    624.30  

 (𝛼, 𝜆, 𝜃 )    (524.85)    (0.2762)    (435.28)  

 MOLEx    1.8250    7243.7    1.9614  

 (𝛼, 𝜆, 𝜃 )    (1.9746)    (7213.1)    (2.2110)  

 MONH    2.1710    0.5784    389.87  

 (𝛼, 𝜆, 𝜃 )    (1.4589)    (0.6743)    (540.85)  

 BEx    24.317    92.491    0.0947  

 (𝑎, 𝑏, 𝜆 )    (3.9884)    (154.90)    (0.1426)  

 Ga    24.228    9.7800   

 (𝑎, 𝑏 )    (3.9559)    (1.6134)   

 TGEx    90.153    2.2154    -0.6975  

 (𝛼, 𝜆, 𝜃 )    (38.889)    (0.1876)    (0.2062)  

 EEx    89.435    2.0192   

 (𝛼, 𝜆 )    (32.476)    (0.1716)   

 APEx    1938073    1.2587   

 (𝛼, 𝜆 )    (16777.3)    (0.0549)   

 Ex    0.4037    

 (𝜆 )    (0.0469)    
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Fig. 6. Fitted densities for gauge lengths data. 

 
Fig. 7. PP plots (right panel) for gauge lengths data 
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Fig. 8. Fitted PDF, CDF, SF and PP plots of the BXEEx model for gauge lengths. 

VII. CONCLUDING REMARKS 

We introduce a new three-parameter distribution named the Burr X exponentiated exponential (BXEEx) 

distribution, which extends the exponentiated exponential distribution introduced by Gupta and Kundu (2001). 

The density function of BXEEx can be expressed as a mixture of exponential densities. Explicit expressions for 

some properties such as quantile function, ordinary moments, moment generating function, incomplete moments, 

among others are derived. The model parameters are estimated by the maximum likelihood. The BXEEx 

distribution provides better fits than nine rival models in two applications. 
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