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Abstract – This paper focuses on the qualitative dynamics
of the Ramsey-Cass-Koopmans (RCK) growth model with
exponential growth of labour (population) and RCK with
logistic growth rate of labour. We find parameter values at
which qualitative changes occur. A continuation method was
employed in analyzing the qualitative behavior of the various
models at the equilibrium state under the variation of a single
parameter. We detected a co-dimension one hopf point (H)
denoting a sub-critical hopf bifurcation, neutral saddle hopf
point (H) and a branch point (BP) in these models. The
bifurcation points for discount rate parameter and the
coefficient of relative risk aversion parameter were not
economically substantive.
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I. INTRODUCTION

Bifurcation analysis helps explain changes in the
stability status of fixed point in the model as certain
parameters are varied. This elucidate the dynamic
behaviour of the system and the character of his
dependence on those parameters. Thus, the applicability of
bifurcation analysis to economic growth models can not be
over estimated. Considered researchers [1, 2, 3] have
studied the bifurcation presents in economic growth
models. In the contest of an open economy, Barnett and
Eryilmaz [4] studied a wide class of new Keynesian
models. Banerjee et al. [5] have also studied various
bifurcations of the Zellner’s Marshallian macroeconomic
model. Here, the detected hopf bifurcation gave rise to
stable cycles and bifurcation points occur within a
theoretically feasible parameter space.

In 1928, Ramsey[6] developed a model for society’s
optimal savings and this was further developed 1965 by
Cass and Koopmans [7, 8] into what is now known
Ramsey-Cass- Koopmans(RCK) model. In 2007, Brida
and Accinelli [9], exploring the unrealistic nature of the
exponential growth of labour (population) in the model
and prescribe a logistic growth instead, thereby increasing
the number of differential equation in the model from two
to three.

Ferrara and Gurrini [10] evaluated the effects of a
Benthamite utility function into the logistic Ramsey
model. They demonstrated that an economy can be
described by four dimensional dynamical system, whose
unique non-trivial steady state equilibrium is a saddle
point with a two dimensional stable manifold. Guerrini
[11] analyed the bifurcation in the delayed ramsey model
with von Bertanlanffy population law with a lag between

investment and production. He detected the existence of a
Hopf bifurcation near the positive equilibrium. There have
not been any studies on the qualitative structures of these
RCK models as parameters are varied. In the current
study, we aims to find parameter values at which
qualitative changes occur in the various RCK models
(exponential and logistic population growth rate). The
qualitative behaviour of these models are here subjected to
the variation of a single parameter.

The continuation analysis of these models was
constructed by a Matlab package MATCONT [12]. This
technique was used in computing the consecutive
sequence of the point to form the curves.

II. THE MODELS

Two different models are considered in this study. These
are the Ramsey-Cass-Koopmans model with exponential
growth law, which is one of the basic models of
macroeconomics and the modified RCK model by Brida
and Accinelli.
A. Ramsey-Cass-Koopmans model with exponential
growth law

The assumptions of the RCK with exponential growth is
as follows:
 There exists a large number of identical firms with

production function Y = F(K;AL), where Y is the total
output, K is capital, L is labour and A is technology.

 Households grow at rate n : L(t) = L(0)ent.
 Technological progress grows at rate g: A(t) = A(0)egt.
 Capital Stock depreciates at a constant rate: 0
 Output is either consumed or invested:
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The production function results in the following
differential equation [13]:
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The utility functional of the household is of the form:
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where u() is the utility function at any given date, C(t) is
household consumption, Hd is the number of households,
L(t)=Hd is the total number of members in the household
and u(C(t))L(t)/Hd is the households total instantaneous

Copyright © 2014 IJISM, All right reserved
1

International Journal of Innovation in Science and Mathematics
Volume 2, Issue 1, ISSN (Online): 2347–9051

On the Bifurcation Analysis of the Ramsey-Cass-
Koopmans Growth Models

Gabriel Asare Okyere
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana
Email: goasare@yahoo.co.uk

Francis Tarbi Oduro
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana

Email: francistoduro@yahoo.co.uk

Gabriel Obed Fosu
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana

Email: gabrielobedpeters@gmail.com

Abstract – This paper focuses on the qualitative dynamics
of the Ramsey-Cass-Koopmans (RCK) growth model with
exponential growth of labour (population) and RCK with
logistic growth rate of labour. We find parameter values at
which qualitative changes occur. A continuation method was
employed in analyzing the qualitative behavior of the various
models at the equilibrium state under the variation of a single
parameter. We detected a co-dimension one hopf point (H)
denoting a sub-critical hopf bifurcation, neutral saddle hopf
point (H) and a branch point (BP) in these models. The
bifurcation points for discount rate parameter and the
coefficient of relative risk aversion parameter were not
economically substantive.

Keywords – Bifurcation, Hopf Point, Neutral Saddle,
Ramsey- Cass-Koopmans Models, Stability Analysis.

I. INTRODUCTION

Bifurcation analysis helps explain changes in the
stability status of fixed point in the model as certain
parameters are varied. This elucidate the dynamic
behaviour of the system and the character of his
dependence on those parameters. Thus, the applicability of
bifurcation analysis to economic growth models can not be
over estimated. Considered researchers [1, 2, 3] have
studied the bifurcation presents in economic growth
models. In the contest of an open economy, Barnett and
Eryilmaz [4] studied a wide class of new Keynesian
models. Banerjee et al. [5] have also studied various
bifurcations of the Zellner’s Marshallian macroeconomic
model. Here, the detected hopf bifurcation gave rise to
stable cycles and bifurcation points occur within a
theoretically feasible parameter space.

In 1928, Ramsey[6] developed a model for society’s
optimal savings and this was further developed 1965 by
Cass and Koopmans [7, 8] into what is now known
Ramsey-Cass- Koopmans(RCK) model. In 2007, Brida
and Accinelli [9], exploring the unrealistic nature of the
exponential growth of labour (population) in the model
and prescribe a logistic growth instead, thereby increasing
the number of differential equation in the model from two
to three.

Ferrara and Gurrini [10] evaluated the effects of a
Benthamite utility function into the logistic Ramsey
model. They demonstrated that an economy can be
described by four dimensional dynamical system, whose
unique non-trivial steady state equilibrium is a saddle
point with a two dimensional stable manifold. Guerrini
[11] analyed the bifurcation in the delayed ramsey model
with von Bertanlanffy population law with a lag between

investment and production. He detected the existence of a
Hopf bifurcation near the positive equilibrium. There have
not been any studies on the qualitative structures of these
RCK models as parameters are varied. In the current
study, we aims to find parameter values at which
qualitative changes occur in the various RCK models
(exponential and logistic population growth rate). The
qualitative behaviour of these models are here subjected to
the variation of a single parameter.

The continuation analysis of these models was
constructed by a Matlab package MATCONT [12]. This
technique was used in computing the consecutive
sequence of the point to form the curves.

II. THE MODELS

Two different models are considered in this study. These
are the Ramsey-Cass-Koopmans model with exponential
growth law, which is one of the basic models of
macroeconomics and the modified RCK model by Brida
and Accinelli.
A. Ramsey-Cass-Koopmans model with exponential
growth law

The assumptions of the RCK with exponential growth is
as follows:
 There exists a large number of identical firms with

production function Y = F(K;AL), where Y is the total
output, K is capital, L is labour and A is technology.

 Households grow at rate n : L(t) = L(0)ent.
 Technological progress grows at rate g: A(t) = A(0)egt.
 Capital Stock depreciates at a constant rate: 0
 Output is either consumed or invested:

)()()( tItCtY 
The intensive form of the production function is given

as )(kfy  . Where ,0)(',0)0(,,  kff
L

K
k

L

Y
y

.,0)('';)('lim;0)('lim
0




 Rkkfkfkf

kk

The production function results in the following
differential equation [13]:

)()()())(()(' tkgntctkftk   (1)

The utility functional of the household is of the form:







0

)(
))((

t
d

t dt
H

tL
tCueU  (2)

where u() is the utility function at any given date, C(t) is
household consumption, Hd is the number of households,
L(t)=Hd is the total number of members in the household
and u(C(t))L(t)/Hd is the households total instantaneous

Copyright © 2014 IJISM, All right reserved
1

International Journal of Innovation in Science and Mathematics
Volume 2, Issue 1, ISSN (Online): 2347–9051

On the Bifurcation Analysis of the Ramsey-Cass-
Koopmans Growth Models

Gabriel Asare Okyere
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana
Email: goasare@yahoo.co.uk

Francis Tarbi Oduro
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana

Email: francistoduro@yahoo.co.uk

Gabriel Obed Fosu
Deparmtent of Mathematics

Kwame Nkrumah University of Science
& Technology. Kumasi, Ghana

Email: gabrielobedpeters@gmail.com

Abstract – This paper focuses on the qualitative dynamics
of the Ramsey-Cass-Koopmans (RCK) growth model with
exponential growth of labour (population) and RCK with
logistic growth rate of labour. We find parameter values at
which qualitative changes occur. A continuation method was
employed in analyzing the qualitative behavior of the various
models at the equilibrium state under the variation of a single
parameter. We detected a co-dimension one hopf point (H)
denoting a sub-critical hopf bifurcation, neutral saddle hopf
point (H) and a branch point (BP) in these models. The
bifurcation points for discount rate parameter and the
coefficient of relative risk aversion parameter were not
economically substantive.

Keywords – Bifurcation, Hopf Point, Neutral Saddle,
Ramsey- Cass-Koopmans Models, Stability Analysis.

I. INTRODUCTION

Bifurcation analysis helps explain changes in the
stability status of fixed point in the model as certain
parameters are varied. This elucidate the dynamic
behaviour of the system and the character of his
dependence on those parameters. Thus, the applicability of
bifurcation analysis to economic growth models can not be
over estimated. Considered researchers [1, 2, 3] have
studied the bifurcation presents in economic growth
models. In the contest of an open economy, Barnett and
Eryilmaz [4] studied a wide class of new Keynesian
models. Banerjee et al. [5] have also studied various
bifurcations of the Zellner’s Marshallian macroeconomic
model. Here, the detected hopf bifurcation gave rise to
stable cycles and bifurcation points occur within a
theoretically feasible parameter space.

In 1928, Ramsey[6] developed a model for society’s
optimal savings and this was further developed 1965 by
Cass and Koopmans [7, 8] into what is now known
Ramsey-Cass- Koopmans(RCK) model. In 2007, Brida
and Accinelli [9], exploring the unrealistic nature of the
exponential growth of labour (population) in the model
and prescribe a logistic growth instead, thereby increasing
the number of differential equation in the model from two
to three.

Ferrara and Gurrini [10] evaluated the effects of a
Benthamite utility function into the logistic Ramsey
model. They demonstrated that an economy can be
described by four dimensional dynamical system, whose
unique non-trivial steady state equilibrium is a saddle
point with a two dimensional stable manifold. Guerrini
[11] analyed the bifurcation in the delayed ramsey model
with von Bertanlanffy population law with a lag between

investment and production. He detected the existence of a
Hopf bifurcation near the positive equilibrium. There have
not been any studies on the qualitative structures of these
RCK models as parameters are varied. In the current
study, we aims to find parameter values at which
qualitative changes occur in the various RCK models
(exponential and logistic population growth rate). The
qualitative behaviour of these models are here subjected to
the variation of a single parameter.

The continuation analysis of these models was
constructed by a Matlab package MATCONT [12]. This
technique was used in computing the consecutive
sequence of the point to form the curves.

II. THE MODELS

Two different models are considered in this study. These
are the Ramsey-Cass-Koopmans model with exponential
growth law, which is one of the basic models of
macroeconomics and the modified RCK model by Brida
and Accinelli.
A. Ramsey-Cass-Koopmans model with exponential
growth law

The assumptions of the RCK with exponential growth is
as follows:
 There exists a large number of identical firms with

production function Y = F(K;AL), where Y is the total
output, K is capital, L is labour and A is technology.

 Households grow at rate n : L(t) = L(0)ent.
 Technological progress grows at rate g: A(t) = A(0)egt.
 Capital Stock depreciates at a constant rate: 0
 Output is either consumed or invested:

)()()( tItCtY 
The intensive form of the production function is given

as )(kfy  . Where ,0)(',0)0(,,  kff
L

K
k

L

Y
y

.,0)('';)('lim;0)('lim
0




 Rkkfkfkf

kk

The production function results in the following
differential equation [13]:

)()()())(()(' tkgntctkftk   (1)

The utility functional of the household is of the form:







0

)(
))((

t
d

t dt
H

tL
tCueU  (2)

where u() is the utility function at any given date, C(t) is
household consumption, Hd is the number of households,
L(t)=Hd is the total number of members in the household
and u(C(t))L(t)/Hd is the households total instantaneous

mailto:goasare@yahoo.co.uk
mailto:francistoduro@yahoo.co.uk
mailto:gabrielobedpeters@gmail.com
mailto:goasare@yahoo.co.uk
mailto:francistoduro@yahoo.co.uk
mailto:gabrielobedpeters@gmail.com
mailto:goasare@yahoo.co.uk
mailto:francistoduro@yahoo.co.uk
mailto:gabrielobedpeters@gmail.com


Copyright © 2014 IJISM, All right reserved
131

International Journal of Innovation in Science and Mathematics
Volume 2, Issue 1, ISSN (Online): 2347–9051

utility at a given time t. Discount rate is denoted by  .

The higher the the value of  , then future consumption is

less preferred to current consumption. When the utility
functional is maximized subject to equation (1) the result
is the capital stock equation[14] which is given as:
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where  is the coefficient of relative risk aversion. This
determines a consumer’s willingness to shift consumption
between different periods. Equations (1) and (3) form the
system of differential equations of the RCK model with
exponential population growth law.

1) Local Stability of RCK with exponential
population growth law: To analyse the local stability
behaviour of this system, we first find the equilibrium
values of this system by equating both differential
equations to zero.
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The roots of the equations are given as:
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B. Ramsey-Cass-Koopmans model with logistic
growth law

The additional assumption of the RCK model with the
logistic growth law (ie labour force follows a logistic law
[15]) is given as follows:
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when the utility functional is maximised subject to the
modified form of Equation (1) and the logistic growth law
(given in equation (7) below).
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The differential equations that forms the logistics RCK
model are given by equations (6) and (7).

1) Local Stability of RCK with logistic population
growth law: A similar stability analysis is carried out for
RCK with logistic population growth law. The values at
the equilibrium are:
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Table I. Parameter Values [13, 16]
Description Parameter Value
Depreciation  0.08

Growth rate of labour n 0.0056
Discount rate  0.05

Coefficient of relative
risk aversion

 2

Elasticity of capital in
production

 0.6

Growth of technology g 0.02
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III. BIFURCATION ANALYSIS OF THE RCK
MODELS AND RESULTS

The coefficient of relative risk aversion parameter  ,
the discount rate parameter  and the population growth

rate parameters were varied independently in the
simulation. The benchmark values for these parameters
used for the continuation canvass are shown in Table I.
A. Bifurcation analysis of RCK with exponential
growth

Choosing coefficient of relative risk aversion  as a
free parameter, a branch point BP and a hopf point H were
detected. As indicated in Fig. 1, a branch point BP and a
hopf point H were attained at  equal to -3.3320 and -
1.220001 respectively. Further, the first Lyapunov
coefficient was obtained as 1.199587e-14. Since the first
Lyapunov coefficient is positive the point H shows a sub-
critical hopf bifurcation. The plot of per worker level of
capita against per worker level of consumption is shown in
Fig. 1. The hopf point was further investigated and it was
observed that the limit cycle moves away from the point H
with a period 707.32386. This is illustrated in Fig. 2.

A branch point BP and a hopf point H were also
detected in varying the discount rate parameter. As
illustrated in Fig. 3, varying the discount rate parameter (
 ), a neutral saddle hopf point and a branch point were

attained at  equal to -0.01440 and -0.05664 respectively.

The qualitative structure of these curves as shown in Fig. 1
and 3 are similar, however they have different bifurcation
point. A branch point is only detected when the population
growth rate parameter n was varied. This qualitative
changes in the exponential RCK occurs at n equal to
0.18333. The numerical results of these simulation are
shown as Tables II, 3 and IV. It was observed that the
values of capital stock per worker at this point were
exactly the same as the steady state values. That is to say,
the size of the population does not have any impact on
individuals’ capital stock, but has a negative relation on
the consumption levels of an individual. A plot of a
varying discount rate parameter  and population growth

rate parameter n are shown in Fig. 3 and 4 respectively.
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B. Bifurcation analysis of RCK with logistic growth
A similar simulation analysis was conducted for the
logistic RCK by considering the same parameters that
were varied in the exponential model. In the situation of
the coefficient of relative risk aversion parameter  , there
is an emergence of a hopf point H. The eigenvalues at this
point from Table V indicate that the bifurcation is a
neutral saddle. The plot of the simulation is shown in the
Fig. 5

Table II: as a free parameter of RCK with exponential
growth

Point Eigen values c k 
H -6.47641e-
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-6.47641e-10-

0.04937i

5.4174011 76.951723 -1.220001

BP -0.04224
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-9.6168e-12 275.95633 -3.3320

Table III.  as a free parameter of RCK with exponential
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32

275.95623 -0.05664
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A. Bifurcation analysis of RCK with exponential
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detected. As indicated in Fig. 1, a branch point BP and a
hopf point H were attained at  equal to -3.3320 and -
1.220001 respectively. Further, the first Lyapunov
coefficient was obtained as 1.199587e-14. Since the first
Lyapunov coefficient is positive the point H shows a sub-
critical hopf bifurcation. The plot of per worker level of
capita against per worker level of consumption is shown in
Fig. 1. The hopf point was further investigated and it was
observed that the limit cycle moves away from the point H
with a period 707.32386. This is illustrated in Fig. 2.

A branch point BP and a hopf point H were also
detected in varying the discount rate parameter. As
illustrated in Fig. 3, varying the discount rate parameter (
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Table IV: n as a free parameter of RCK with exponential
growth

Point Eigen values c k n
BP -0.11333

2.77543e-17
23.402153 -9.9602947e-

20
0.18333

Fig.4. A bifurcation diagram for population growth rate n
as a free parameter

Two hopf points were identified in the continuation
process for the case of the discount rate parameter. These
hopf points are neutral saddle which explain that there are
on changes in the qualitative behaviour of the model at
these points, this is as shown in Fig.6. Both forward and
backward computations did not have any impact on the
steady state value of labour force (population). This is
presented in Table VI.

As shown in Fig.7 and Table VII, two hopf points were
identified by varying the logistic growth rate of labour
parameter a. These hopf points are neutral saddle. This
continuation process did not have any impact on the steady
state values of capital per worker and consumption per
worker. This implies, the amount an individual consumes
or saves is independent on the population growth rate
parameter. In the case of the exponential model,
consumption per worker falls as growth rate of population
rises. This is because population is continuously
increasing without bounds.

Fig.5. Free coefficient of relative risk aversion parameter

Fig.6. A bifurcation diagram of a free discount rate
parameter.

Fig.7. A bifurcation diagram for population growth rate a
as a free parameter

IV. CONCLUSION

In this study, we analysed the qualitative behaviours of
the various RCK growth models. The bifurcation scenario
of the Ramsey-Cass-Koopmans models resulted in three
bifurcation points: a hopf bifurcation denoting a sub-
critical hopf point, a neutral saddle hopf point and a
branch point. A neutral saddle hopf points were found in
all cases of the logistic models. The RCK model with the
exponential growth of labour, under the variation of
coefficient of relative risk aversion resulted to a hopf
point. This hopf point has 1.199587e-14 as the first
Lyapunov coefficient, and because the first Lyapunov
coefficient is positive we described this as a sub-critical
hopf bifurcation.

The bifurcations for discount rate and the coefficient of
relative risk aversion parameters lies outside it respective
domains, which explains that, these bifurcation points are
not economically significant in real life situations. A
further simulation was carried for these models by
restricting the discount rate and the coefficient of relative
risk aversion parameters in their respective domains. The
simulation did not show any bifurcations.

Table V.  as a free parameter in logistic RCK
Point Eigen

values
k c L 

H -0.00560
0.00560
0.04440

32.0000 4.80000 100.000 -36.19691
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Lyapunov coefficient, and because the first Lyapunov
coefficient is positive we described this as a sub-critical
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domains, which explains that, these bifurcation points are
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further simulation was carried for these models by
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of the Ramsey-Cass-Koopmans models resulted in three
bifurcation points: a hopf bifurcation denoting a sub-
critical hopf point, a neutral saddle hopf point and a
branch point. A neutral saddle hopf points were found in
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exponential growth of labour, under the variation of
coefficient of relative risk aversion resulted to a hopf
point. This hopf point has 1.199587e-14 as the first
Lyapunov coefficient, and because the first Lyapunov
coefficient is positive we described this as a sub-critical
hopf bifurcation.

The bifurcations for discount rate and the coefficient of
relative risk aversion parameters lies outside it respective
domains, which explains that, these bifurcation points are
not economically significant in real life situations. A
further simulation was carried for these models by
restricting the discount rate and the coefficient of relative
risk aversion parameters in their respective domains. The
simulation did not show any bifurcations.
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Table VI:  as a free parameter in logistic RCK
Point Eigen

values
c k L 

H
(left)

-0.0365148
0.0365148

-0.0056

5.8787754 88.181633 100 -9.397e-10

H
(righ

t)

-0.0056
0.0056

-0.0366646

3.3283967 233.49736 100 -0.03106460

Table VII: a as a free parameter in logistic RCK
Point Eigen

values
k c L a

H(top) -0.0965891
0.0965891
-0.0465891

32.000 4.8000 1724.8055 0.09689

H
(down)

-0.0465891
0.0465891
0.0965891

32.000 4.800 -
831.94827

-0.046589

In this research, we have demonstrated that bifurcation
can only occur in the exponential and logistic RCK if the
discount rate and coefficient of relative risk aversion
parameters are less than zero.
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