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Abstract – The concept of I-Convergence of real bounded 

sequences was introduced by Kostyrko et al [2, 7, 8] as a 

generalization of Statistical convergence [4, 5, 9] which is 

based on the structure of the ideal I of subsets of the set of 

natural numbers. Later, K. Dems extended the concept of I- 

convergence of a double sequence in [3, 8, 10]. In this paper, 

we discussed the idea of I- convergence and I- core of a 

double sequences in a complete, locally compact, non-trivially 

valued, non-archimedean field K and also we have proved 

some basic properties of these concepts, which is analogues to 

the work presented by Vijaya kumar [15].  
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I. INTRODUCTION 
 

Throughout this paper K denotes a complete, locally 

compact, non-trivially valued, non-archimedean field, 

where the non-archimedean valuation satisfies the 

following axioms: 

 

(i)   

(ii)  

(iii)      

 

For analysis in the classical case a general reference is 

[6], while for analysis in non-archimedean fields, a general 

reference is [1, 11]. 

For a given infinite matrix , we define 

 

 

assuming that the series on the right converge and 

 is called the A-transform of the double sequence 

.  

If, whenever  converges to a limit,  

converges to the same limit, then the matrix  

is said to be regular. 

Definition 1.1  
Let   be the smallest closed K-convex 

set containing all points  We define the 

core of the double sequence  as  

 

 

Also define , where  

C . 

 In this context, we refer to Silvermann-Toeplitz 

theorem for double sequences and series in non-

archimedean fields [12, 13]. 

Definition 1.2  
Let  be a double sequence in K and K. We say 

that  if for each , the set 

 is finite. In such a case we 

say that x is the limit of  . 

Definition 1.3  
Let  be a double sequence in K and s K. We say 

that 

 

 

 
 

Remark 1.1 

If   , then the sequence  is 

automatically bounded. 

Lemma 1.1 
  if and only if  

 

(i)  

 

(ii) and  

 

(iii) For each   there exists an  such that 

, for all , which we write as 

 

Lemma 1.2 
 exists if and only if  

Theorem1.1   

  

 
 

to be regular it is necessary and 

sufficient that  
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II. I-CONVERGENCE OF A DOUBLE SEQUENCE 
 

Definition 2.1  
For any set S ⊂ X (a non-Archimedean normed space 

over K) a non-empty subset I of a ring R of subsets of S is 

an ideal in R iff 

i. A, B ∈ I implies A ∪ B ∈ I. 

ii. A ∈ I, B ∈ R, B ⊂ A implies B ∈ I. 

An ideal I is called non-trivial if I ≠ φ and S ∉ I. 

Definition 2.2  
A non-trivial ideal I is said to be admissible, whenever 

{x} ∈ I for every x ∈ S. 

Definition 2.3  
Let I be a non-trivial ideal in N2. Then a double 

sequence x = ( ) is said to be  I - convergent to L ∈ K 

if for every ε > 0 the set 

.  

Symbolically, it is denoted as 

 

I -   or    I- . 

 

For a double sequence x = ( ) in K,  

let Bx = {b ∈ K : {(m, n) : xmn > b} ∉ I} and 

  Ax = {a ∈ K : {(m, n) : xmn > a} ∉ I}. 

Definition 2.4 

Let I be an admissible ideal and x be a sequence in K. 

Then the I-limit superior of x is given by 

 

 
 

Also, the I-limit inferior of  x is given by 

  

 
 

Theorem 2.1.  

If  is finite, then for every positive 

number ε, 

 

 

Conversely, if (1) holds for every positive number , then 

 

Proof. Suppose that  is finite. 

Then by definition  implies . 

Since , for a positive number ε there exists 

b ∈ Bx such that b > . 

Therefore,{(m, n) : xmn > b >  } ∉ I. 

 

Suppose {(m, n) : xmn >  } ∈ I, then 

we have          {(m, n) : xmn > b} ∈ I  

which is not possible as b ∈ Bx. Hence,   

{(m, n) : xmn <  } ∉ I   

(2) 

 

Next assume . Then 

  implies  which is a 

contradiction to the fact that  

 

             (3) 

 

Therefore, from (2) and (3),  

{(m, n) :  < xmn <  +  }  I holds. 

Converesly, assume (1) holds for every positive number 

ε. 

Since , we have Bx ≠ φ 

so  

If l1 = sup Bx, it completes the proof. 

Suppose  , then there exists b ∈ Bx such 

that b > . 

Taking  . That is,  

implies  which is a 

contradiction to (1). 

Therefore,  = sup Bx = I − lim sup x. 

Hence, the proof is complete. 

Similarly, we can have dual statement for I − lim inf x as 

follows. 

Theorem 2.2.   
If  is finite, then for every positive 

number ε, 

 

 
 

Conversely, if (4) holds for every positive number , 

then  

Theorem 2.3.  
A double sequence x is I - convergent if and only if  

                                                 

Proof.  

Let  

Suppose x is I - convergent then   

 

For , then  

implies  
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Suppose if    

then we have .  

Also,  implies .  

Therefore, .  

Hence,    implies 

.  

Similarly, we can prove, if 

 

then .  

Hence,  

                                   (5) 

But for any sequence x,  

  

                                  (6) 

From equations (5) and (6), we have    

Conversely, assume  

By theorem (2.1),  

 

 

 

That is,  

That is,  

which implies x is I - convergent to L. 

Hence the proof  is complete. 

Theorem 2.4. 
Let I be a non-trivial ideal. 

1. If  ,  

      then  . 

2.   If ,  

      then . 

3.   If I is an admissible ideal, then   

      implies  

Proof.  
Given and  .  

 

Let ε > 0, we have, 
 

 and 

. 

 

Then its complement can be represented as, 
 

 and 

.  
 

Consider, 
 

   

 

 
    

            

Therefore, 
 

 
 

Hence,  . 

  

2. Consider, 
 

 

 
          

                           

<  
 

Since  is bounded there exists an M such that 

 . 

And for ε > 0, let us take  

Since K is non-trivially valued, there exists l2 ∈ K such 

that 0 < |l2| < 1. 

Therefore, . 

Hence, 
 

 < ε 

 

which implies 
 

 
 

Therefore,  

  
 

 

 

3. For any ε > 0,  (given). 

Since I is non-empty, there exists atleast one (m, n) ∈N 2    

such that   belong to I. 

That is, . 

 

Hence,   
 

This completes the proof. 

 

 

T 

 

III. I - CORE OF A DOUBLE SEQUENCE 
 

Definition 3.1 
Let I be an admissible ideal. For any double sequence 

 ,. 

Let us define I - core of a double sequence x as 

  for all where 

 
 

 
 

Remark 3.1  
In the definition of   𝒦 (x), the closed K - convex set 

Cn(x) contains ( ) for m, n ∈ K. Hence, in defining the  
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I−core(x) we have replaced the sequence ( ) by an 

arbitrary subsequence in which  

 

 

 
 

Therefore, I−core(x)  ⊂  𝒦 − core(x), for all x. 

Theorem 3.1  
Let I be an admissible ideal in N2 and let  

 For any double 

sequence x = ( ), if the matrix 

   satisfies the following 

conditions: 

(i) A is regular 

(ii)  

then  

Proof. 
Let x = ( ) be a double sequence converging to v in K 

such that A = ( ) is regular and satisfies (ii). 

If  w is any point of 𝒦 (Ax), then 

 
 

 

 
{since A is regular) 
 

 
 

 
 

Given  and let  

 

Then  and   we have 

 

  

 

Therefore,  for 

  implies  

Hence,                     

III. CONCLUSION 
 

Many authors discussed the concept of I- convergence 

and I- Cauchy sequence for real bounded sequences and 

double sequences in classical case. In this paper, we have 

proved some basic properties of these concepts in a 

complete, locally compact, non-trivially valued, non-

archimedean field K. 
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