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Abstract – Korteweg–de Vries (KdV) equations are 

nonlinear, dispersive partial differential equations (PDEs) 

which typically model the fluid dynamics of waves on/over 

shallow water surfaces used by mechanical engineers, 

structural engineers, physicists as well as applied and 

industrial mathematicians.  This article covers some practical 

problem-solution examples of these KdV PDEs and some 

variants like Burger’s KdV, K(n, n) and related equations 

through definitions, then corresponding examples. Most 

solutions below are in the form of degenerate, soliton or 

traveling wave solutions.   
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Definition 1: 
The following KdV PDE contains the function u, a real 

function of two real variables, space x and time t, and 

where there at two arbitrary constants a and b.   

 
This equation yields the following traveling-wave 

solutions: 

 
 

 
Sources:  Gardner, C. S., Greene, J. M., Kruskal, M. D., and Miura, R. 

M. (1974), G.I. Barenblatt (1989). 

Example 1: 
Using the above definition and plugging in a = 5 and b = 

3, we get the following form of the KdV equation: 
 

 
 

As a result, we get the following traveling wave 

solutions: 

 
 

 
Definition 2: 

The following KdV PDE contains the function u, a real 

function of two real variables, space x and time t, and 

where there at three arbitrary constants a, b and k. 
   

 
 

This yields the following degenerate solution, linear in 

x: 
 

 
Sources:  Polyanin, A. D. and Zaitsev, V. F., (2004). 

Example 2: 
Using the above definition and plugging in a = 3, b = 5, 

and k = 2, then we get the following form of the KdV 

equation: 
 

 
 

Which gives the following degenerate solution: 

 
Definition 3: 

The following un-normalized modified KdV PDE 

contains the function u, a real function of two real 

variables, space x and time t, and where a is any constant. 
 

 
 

The above gives the following traveling-wave solutions: 
 

 
 

 
 

 
Source:  A.M. Wazwaz (2008). 

Example 3: 
The following un-normalized modified KdV PDE 

contains the function u, a real function of two real 

variables, space x and time t, and where a = 3. 
 

 
 

Then, we get the following traveling-wave solutions. 
 

 
 

 
Definition 4: 

Combined KdV-mKdV or Gardner equation where it 

models nonlinear effects in plasma and solid-state physics 

and in quantum field theory. The function u(x, t) is of real 

variables where there exist any constants, a and b. 
 

 
 

The above equation yields the following traveling-wave 

solution, where b > 0: 
 

 
 

There also exists and alternative solution of the exact 

same form as above with b > 0. The only difference is coth 

instead of tanh. 
Sources:  A.D. Polyanin (2004), A.M. Wazwaz (2007, 2008). 
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Example 4: 
This Gardner equation where function u(x, t) is of real 

variables and where a = 12 and b = 4. 
 

 
 

Then, the traveling-wave solution becomes the 

following: 

 
Definition 5: 

The following KdV type equation with power low 

nonlinearity where a is an undefined constant and k an 

undefined power number, also a constant. 
 

 
 

Yields the following traveling wave solution: 
 

 
Sources:  A.D. Polyanin (2004), A.M. Wazwaz (2008). 

Example 5.1: 
With a = 7 and k = 2 and plugging into the above KdV 

equation, then we get the following form of KdV equation: 
 

 
 

Then, from above definition, we get this traveling wave 

solution: 

 
Example 5.2: 

With a = 3 and k = 1 and plugging into the above KdV 

equation, then we get the following form of KdV equation: 
 

 
 

Then, from above definition, we get this traveling wave 

solution: 

 
Definition 6: 

The following equation models the propagation of 

nonlinear long acoustic-type waves. The function u = u(x, 

t) are of real variables where there exist any constants, a, b 

and n. 
 

 
 

Then, the traveling-solution is given as the following: 
 

 
 

 
Source:  Wazwaz (2006, 2008). 

Example 6: 
Using the above definition and plugging in the 

following values a = 4, b = 2, n = 3, then we get the 

following form of the KdV equation. 
 

 
 

Where we get the following traveling wave solution: 

 
 

 
Definition 7: 

The following is a KdV type equation with a 

logarithmic nonlinearity where the function u = u(x, t) are 

of real variables and where there exist any constants, a, b 

and c. 
 

 
 

It yields the following generalized traveling-wave 

solution: 

 
Source:  W.I. Fushchich, N.I. Serov, and T.K. Akhmerov (1991), V.A. 

Galaktionov (1999), A.D. Polyanin, V.F. Zaitsev (2004). 

Example 7.1: 
From Definition 7, plug in the following values for the 

constants, a = 7, b = 4, c = 2, then we get the following 

form of that KdV equation. 
 

 
 

Therefore, we get the following form of the generalized 

traveling-wave solution: 
 

 
Example 7.2: 

From Definition 7, plug in the following values for the 

constants, a = 10, b = 2, c = 8, then we get the following 

form of that KdV equation. 
 

 
 

Therefore, we get the following form of the generalized 

traveling-wave solution: 
 

 
Definition 8: 

This is a KdV equation where the function u = u(x,t) are 

of real variables where there exist any constants, a, b and 

c. 

 
Where we get the following generalized traveling  wave 

solution: 

 
Source:  Polyanin (2004). 

Example 8.1: 
This is a KdV equation where the function u = u(x, t) 

are of real variables where constants a = 9, b = 3, c = 6: 
 

 
 

Then, we get this generalized traveling wave solution: 
 

 
 

Example 8.2: 
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This is a KdV equation where the function u = u(x, t) 

are of real variables: 

 
 

Where constants are the following: 
 

 
 

Which yields this generalized traveling-wave solution: 
 

 
Definition 9: 

This is a KdV equation where the function u = u(x, t) 

are of real variables and where there exist any constants, a, 

b and c. 
 

 
 

Then, this is the generalized traveling wave solution of 

the above equation: 
 

 
Source:  Polyanin (2004). 

Example 9.1: 
Substituting a = 5, b = 1 and c = 7 into the above KdV 

PDE in Definition 9, then we get the following form of 

that equation: 
 

 
 

Which yields the following generalized traveling wave 

solution: 

 
Example 9.2: 

Substituting the following values into the above KdV 

PDE in Definition 9 
 

 
 

Then we get the following form of that equation: 
 

 
 

Where this is the generalized traveling wave solution: 

 
Definition 10: 

This is a KdV equation where the function u = u(x, t) 

are of real variables and where there exist any constants, a, 

b and c. 
 

 
 

And, the generalized traveling wave solution becomes: 
 

 
Source:  Polyanin (2004). 

Example 10.1: 
With a = 7, b = 3, c = 4, then this KdV equation 

becomes the following: 
 

 
 

With the following generalized traveling wave solution: 
 

 
 

Example 10.2: 
And, with these constants a = -3, b = 1, c = 2, we get the 

following form of the KdV equation: 

 
 

This gives us the generalized traveling wave solution: 
 

 
Definition 11: 

This is a KdV equation where the function u = u(x, t) 

are of real variables and where there exist constants, a, b 

and c. 
 

 
 

Then, this is the generalized traveling wave solution: 
 

 
Source:  Polyanin (2004). 

Example 11.1 
Substituting the following values into the above KdV 

PDE in Definition 11: 
 

 
 

We get the following form of that KdV equation: 
 

 
 

Where the generalized traveling wave solution becomes: 
 

 
Example 11.2: 

With a = 1, b = 1, c = -1, then this KdV equation 

becomes the following: 
 

 
 

Then, we get this generalized traveling wave solution: 
 

 
Definition 12: 
This is the Potential KdV equation where the function u = 

u(x,t) are of real variables and where there exist constant, 

a, of any value. 

 
Which gives us the one-soliton solution: 

 
 

Alternatively, gives us traveling wave solutions like this: 
 

 
Source:  N.H. Ibragimov (1985), A.M. Wazwaz (2008). 
 

Example 12: 
Substituting a = 6 into Definition 12 above, then we get 

the following form of that KdV equation: 
 

 
 

Which yields this one-soliton solution: 
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Or, traveling wave solution: 

 
Definition 13: 

This is the Burgers KdV equation where the function u 

= u(x, t) are of real variables and where there exist 

constants, a and b of any value. It models nonlinear waves 

in dispersive media with instabilities as well as waves in 

thin films. 
 

 
 

Where the above yields traveling wave solutions: 
 

 
 

 
Where 
 

 

 
 
Source:  A.D. Polyanin (2004). 

Example 13: 
Plugging in a = 3, b = 2 as the constants in KdV 

equation in Definition, we get the following form of that 

equation: 

 
Which yields these traveling wave solutions: 

 

 
 

 
 

 
 

 
 

 
Source:  Solution to this integral found from Wolfram Alpha, 

WolframAlpha.com (2017). 

Definition 14: 
This is the Modified Burgers KdV equation where the 

function u = u(x, t) are of real variables and where there 

exist constants, a and b of any value. 

 
 

And, its traveling wave solution with a > 0: 
 

 
Source:  Polyanin (2004). 
 

Example 14.1: 
Here is the modified Burgers KdV equation where the 

constants a = 2 and b = 3. 

 
 

Where the traveling wave solution is the following: 
 

 
Example 14.2: 

Here is the modified Burgers KdV equation where the 

constants a = 6 and b = 12. 
 

 
 

Where the traveling wave solution is the following: 
 

 
Definition 15: 

Another modified Burgers KdV equation: 
 

 
 

With traveling wave solution with a > 0 
 

 
Source:  Polyanin (2004). 

Example 15.1: 
Here is the modified Burgers KdV equation where the 

constants a = 2 and b = 3. 
 

 
 

Where the traveling wave solution is the following: 
 

 
Example 15.2: 

Here is the modified Burgers KdV equation where the 

constants a = 6 and b = 12. 
 

 
 

Where the traveling wave solution is the following: 
 

 
Definition 16: 

This is the K(n, n) equation where the function u = u(x, 

t) are of real variables and where there exist constants, a 

and n of any value. 
 

 
 

With these traveling wave solutions: 
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Source:  P. Rosenau and J.M. Hyman (1993), A.M. Wazwaz (2992 a,b; 

2008). 

Example 16.1: 
This is the K(n, n) equation where the function u = u(x, 

t) are of real variables and where there exist constants a = 

4, n = 3. 
 

 
 

Where it yields a traveling wave solution: 

 
Example 16.2: 

This is the K(n, n) equation where the function u = u(x, 

t) are of real variables and where there exist constants a = -

2, n = 3. 
 

 
 

With the following as a traveling wave solution: 
 

 
 

Definition 17: 
The modified K(n, n) equation where the function u = 

u(x, t) are of real variables and where there exist constants 

a and n. 
 

 
 

With these traveling wave solutions: 
 

 
 

 
Source:  P. Rosenau (1994, 2000), A.M. Wazwaz (2008). 

Example 17.1: 
The modified K(n, n) equation where the function u = 

u(x, t) are of real variables and where there exist constants 

a = 6, n = 5: 
 

 
Give this traveling wave solution: 
 

 
Example 17.2: 

The modified K(n, n) equation where the function u = 

u(x, t) are of real variables and where there exist constants 

a = -4 and n = 2. 
 

 
Which gives this traveling wave solution: 
 

 
Definition 18: 

This is the general 5th order KdV equation where the 

function u = u(x, t) are of real variables and where there 

exist constants a, b, c, and d. 
 

 
Where it yields traveling wave solutions where a is non-

zero. 
 

 
 

 
 

 
 

 
Source:  Polyanin (2004). 

Example 18: 
This is the general 5th order KdV equation where the 

function u = u(x, t) are of real variables and where there 

exist constants a = 5, b = 4, c = 3, d = 2. 
 

 
Which gives this traveling wave solution: 
 

 
 

 
 

 
Definition 19: 

This is the nth order KdV equation where the function u 

= u(x, t) are of real variables and where there exist 

constants a, b, and n. 
 

 
 

With traveling wave solution: 
 

 
There is also a simpler degenerate type of solution as 

well.   
Source:  Polyanin (2004). 

Example 19.1: 
For this KdV equation, there exist constants a = 10, b = 

5, and n = 6. This gives us a 6th order KdV equation. 
 

 
 

We get the following solution: 
 

 
Example 19.2: 

For this KdV equation, there exist constants a = 2, b = 4, 

and n = 9.  This gives us a 9th order KdV equation. 
 

 
We get this solution, instead: 
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II. CONCLUSION 
 

Nearly all the solutions emitted from the above 

nonlinear KdV equations examples are generalized 

traveling wave solutions which are the ideal form of 

solutions to model how shallow waves evolve and travel in 

applications found in fluid dynamics/mechanics.   

Those traveling wave solutions that “resisted” an 

interaction or more are called Soliton solutions. Others 

that “fell apart” are called degenerate solutions.   
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