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I. PLANAR AND OUTER PLANAR GRAPHS 
 

1.1. Introduction: 
This generalization to any property is now referred to as 

the conditional chromatic number of a graph. In the 

following sections we will discuss the history of the 

conditional chromatic number, relate known results to the 

property of containing no cycles, and prove new results for 

the value of the conditional chromatic number with respect 

to the property of forbidding cycles of a fixed length.  

1.2. Theorem  

For every Planar Graph 𝜒(G, Pa) < 3. 
We know that every induced sub graph of a planar graph 

is planar, and that every planar graph contains at least one 

point of degree 4 or less. From known theorem 𝜒(G, Pa) < 

1+⌈
4

2
⌉ and the result follows. 

 

 
Fig. 1.1. The Tuttee Graph. The dual of this graph has 

point arboricity three. 

 

Figure 1.1 is a Tutte graph, a planar graph whose dual G* 

has point arboricity 3. The dual of a graph G can be 

constructed as follows: each region (labeled R1….Rk) of G 

is represented by vertex in G*, and an edge exists between 

two vertices in G* if and only if the corresponding regions 

of G are adjacent. The proof that G* has point arboricity 

three is as follows. 

We will show it takes exactly three colors, to color the 

regions of G (and thus vertices of G*). 

Assume we can color G with two colors, and label the 

regions of G as shown in figure 1.1. No three of R1, R2, and 

R3 can be colored the same color without inducing a C3. So 

color two of R1, R2, R3 with color a and color the remaining 

region b. The region, R4, outside G is adjacent to R1, R2 and 

R3. If R4 were colored with color a, then G* would contain 

a C3, so it must be colored with color b. 

Assume BWOC that R5 is adjacent to the two large 

regions colored with color a. It follows that R5 must be 

colored with color b, otherwise, G* would contain a C3. 

Similarly, at least one of R6 or R7 would have to be colored 

with color b. Assume R7 is colored b, this forces R6 to be 

colored a. Then R8 cannot be a, so color it b. since both R8 

and R4 are colored b, this forces R9 to be a, and thus R10 to 

be b. If R11 is colored a then together with R1, R2, R6, and R9 

they form a C5 in G*. Otherwise, if R11 is colored b, then 

together with R7, and R9 they form a C3 in G*. So R11 must 

be colored with a third color. 

Similar reasoning is used for the case of R5 adjacent of R1 

colored a and R2 colored b. 

Because the graph is symmetric, these two cases yield the 

minimal number of colors needed color G*, which is three. 

Figure 2.3 shows G colored with three colors. 

Another class of graphs studied in [7] and [3] is the 

subclass of planar graphs known as outer planer graphs. 

Any planar graph is also outer planar if it can be embedded 

in a plane such that all of its vertices lie on the exterior 

region. It can be shown that if a graph is outer planar then 

𝜒(G) < 3, Additionally, every outer planar graph contains 

at least one vertex of degree less than or equal to two, see. 

These two observations, along with an inductive argument 

proves the following theorem. 

1.3. Theorem 

If G is Outer Planar, then 𝜒(G, Pa) < 2. 
The following implications for 𝜒(G, ¬Cj) are immediate 

from the above results. 

1.4. Theorem  
(a) If G is a planar graph, then 𝜒(G, ¬Cj) < 3 for all j > 3. 

(b) If G is an outer planar graph, then 𝜒(G, ¬Cj) < 2 for all 

j > 3. 

 These results may lead to a future direction and are stated 

here for completeness. 

1.5. Theorem  

(a) For every graph G, √𝑛 ≤ 𝜒(𝐺, 𝑃𝑎) + 𝜒(Ḡ, 𝑃𝑎) ≤
1

2
(𝑛 + 3). 

(b) For every graph G, 
𝑛

4
≤ 𝜒(𝐺, 𝑃𝑎)𝜒(Ḡ, 𝑃𝑎) ≤  

[
1

4
(𝑛 + 3)]

2
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1.6. Theorem 

(a) For every graph G, 𝜒(𝐺, 𝐶𝑗) + 𝜒(Ḡ, 𝐶𝑗) ≤

 
1

2
(𝑛 + 3). 

(b) For every graph G,  𝜒(𝐺, 𝐶𝑗) 𝜒(Ḡ, 𝐶𝑗) ≤ [
1

4
(𝑛 +

3)]
2

. 

The upper bound given in Theorem 1.5 (a) above is tight 

for G = Kn when n is odd and j = 3. We can prove this as 

follows: From known theorem  

(𝑎) 𝜒(𝐾𝑛 , 𝐶𝑗) = ⌈
𝑛

(𝑗−1)
⌉ = ⌈

𝑛

2
⌉ .  𝑆𝑖𝑛𝑐𝑒 𝑛 𝑖𝑠 𝑜𝑑𝑑, ⌈

𝑛

2
⌉ =

(𝑛+1)

2
 . 

Since G is complete, Ḡ is completely disconnected thus 

𝜒(Ḡ, ¬C3) = 𝜒(𝐾𝑛 , 𝐶3) = 1. Therefore 𝜒(𝐺, 𝐶𝑗) +

𝜒(Ḡ, 𝐶𝑗) =  𝜒(𝐾𝑛 , 𝐶3) +  𝜒(𝐾𝑛 , 𝐶3) =
(𝑛+1)

2
 + 1 = 

1

2
(𝑛 + 3). 

We have been unable to find a family of graphs for which 

the upper bound in Theorem 1.5 (b) is tight and conjecture 

this bound can be improved upon. 

 

II. GENERAL RESULTS FOR ¬Cj 

 

This section relates more recent results about conditional 

chromatic number. In the paper “On Generalized Graph 

Colorings” by Brown and Corneil [2], several general 

results are proved about the conditional chromatic number 

of a graph, given the property P under investigation is 

hereditary. A property is hereditary if and only if when a 

graph G has P, then any subgraph H of G has P. The 

property of forbidding cycles of a fixed length j is hereditary 

because if a graph does not contain a cycle for a fixed value 

of j, then none of its subgraphs contain a cycle for a fixed 

value of j. Therefore, each of the results in [2] holds true for 

𝜒(G, ¬Cj). 

2.1. Theorem  
a) If P is non-trivial (G ≠ P), and hereditary then there 

exists a graph G with 𝜒(G, P) = k for all k > 1. 

b) Every P-conditional chromatic graph contains a vertex 

P k-critical sub-graph. 

c) Any P-conditional chromatic graph contains a vertex P 

l-critical subgraph for all l < 𝜒(G, P). 

A proof for part (a) was originally proved by Folkman in 

1970. Another proof was given using Ramsey theory for 

hyper graphs in a brown and Corneil manuscript. A 

somewhat less complicated proof of (a) appears in [2]. Part 

(b) is proved using the definition of vertex critical and the 

properties of vertex critical graphs. Brown and Corneil 

proved part (c) using an induction argument, on the critical 

vertex. 

Another question addressed in [2] concerns the number 

of ways the vertices of G can be uniquely colored. Unique 

coloring exclude permutations of either the vertices or the 

colors. Although these results are applicable to the general 

theory of conditional chromatic numbers, they are not 

applicable to the specific conditional chromatic number 

with respect to forbidding cycles of a fixed length and will 

be omitted. 

 

III. RESULTS ON CONDITIONAL CHROMATIC 

NUMBER OF CRITICAL GRAPHS 
 

In this chapter a result of Ore’s together with the results 

established in the preceding chapter provide a basis for 

determining the value of 𝜒(G, ¬Cj). When G has a large 

number of edges. 

3.1. Theorem 
In a graph G with n > 3, if for every pair u and v of 

nonadjacent vertices deg(u) + deg(v) > n, then G is 

Hamiltonian. 

3.2. Theorem  

If G is a graph with n > 3 and |E(G)| > 
2

632  nn
, 

then G is Hamiltonian. 

Proof. 

Assume |E(G)| > 
2

632  nn . Since every graph on n 

nodes is either a complete graph, or subgraph of a complete 

graph, the maximum number of edges G is missing can be 

computed by subtracting 
2

632  nn
from 

1

2
n (n-1) (The 

number of edges in Kn). The result of this computation is 

n−3. So there are at most n−3 edges missing from G. 

Assume BWOC there exists (u, v) a pair of non-adjacent 

vertices in G such that deg(u) + deg(v) <n. This implies the 

total number of edges missing from G is at least n−1 a 

contradiction. Therefore, from Ore’s Theorem above, G is 

Hamiltonian.  
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