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Abstract – A graph G with ‘q’ edges is said to be odd
graceful if there is an injection ‘f’ from V(G) to {0, 1, 2, . . .
,(2q- 1)} such that when each edge xy is assigned the
label│f(x) – f(y)│, the resulting edge labels are {1, 3, 5, . . .
,(2q-1)}. Shell graphs, also known as fans are the join of K1

and Pm , the path with ‘m’ vertices. When each edge in the
path alone are sub divided, we say that it is a sub divided
shell graph. A multiple subdivided shell is defined to be a
collection of edge disjoint sub divided shells that have their
apex in common. We define a Subdivided shell flower graph
is one vertex union of three subdivided shells. We call each
subdivided shell in this graph as a petal. In this paper we
prove that all subdivided shell flower graphs are odd
graceful.
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I. INTRODUCTION

A graph labeling is an assignment of integers to the
vertices or edges, or both, subject to certain conditions. In
1967 Rosa[9] introduced the labeling method called β –
valuation which was renamed as graceful labeling by
Golomb[5]. After that many types of labelings were
introduced. In 1991, Gnanajothi [4] defined a graph G
with q edges to be odd graceful if there is an injection ‘f’
from V(G) to {0, 1, 2, . . . ,(2q- 1)} such that when each
edge xy is assigned the label│f(x) – f(y)│, the resulting
edge labels are {1, 3, 5, . . . ,(2q-1)}.

She proved that the graphs Pn, , Cn ( n – even), Km,n,
combs, books, the disjoint union of copies of C4 are odd-
graceful. Barrientos [1] has proved that every tree with
diameter at most five is odd-graceful. Seoud, Diab, and
Elsakhawi [8] have shown that a connected complete r-
partite graph is odd-graceful if and only if r = 2 and that
the join of any two connected graphs is not odd-graceful.
For an exhaustive survey, refer to the dynamic survey by
Gallian[3].

Deb and Limaye[2] have defined a shell graph as a
cycle Cn with (n -3) chords sharing a common end point
called the apex. Shell graphs are denoted as C(n, n- 3).
Shell graphs, also known as fans are the join of K1 and Pm

, the path with ‘m’ vertices. In[6] a bow graph is defined
as a double shell in which each shell has any order. In the
shell graph, when each edge in the path alone are sub
divided, we say that it is a sub divided shell graph. In [7]
we have proved that all sub divided uniform shell bow
graphs and sub divided shell graphs are odd graceful. A
multiple subdivided shell is defined to be a collection of
edge disjoint sub divided shells that have their apex in
common. We define a Subdivided shell flower graph is
one vertex union of three subdivided shells. We call each
subdivided shell in this graph as a petal. In this paper we
prove that all subdivided shell flower graphs are odd
graceful.

II. MAIN RESULT

In this paper we prove that all subdivided shell flower
graphs are odd graceful.
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Fig.1. A Subdivided shell flower graph.

Theorem: Subdivided shell flower graphs are odd
graceful.
Proof: Let G be a subdivided shell flower graph with
three petals. We describe G as follows: G is one vertex
union of three subdivided shells of same order. The
common vertex, apex is denoted as v0. Denote the vertices
in the first petal of G as v1, v2 ….vm. The vertices in the
second petal of G are denoted as vm+1, vm+2, … v2m . The
vertices in the third petal of G are denoted as v2m+1, v2m+2,
… , v3m . Let e1, e2, e3, . . . , e(m+1)/2 be the edges joining v0

to v1, v3, v5, . . . , vm. respectively. Let e(m+3)/2, e(m+5)/2, . . . ,
e(m+1) be the edges joining v0 to v(m+1), v(m+3), . . . , v2m

respectively. Let e(m+2), e(m+3), . . . , e(3m+3)/2 be the edges
joining v0 to v(2m+1), v(2m+3), . . . , v3m respectively. Let
e(3m+5)/2 , e(3m+7)/2 , . . . , e(5m+1)/2 be the edges joining v1 v2 ,
v2 v3 , … , vm-1vm respectively. Let e(5m+3)/2 , e(5m+5)/2 , . . . ,
e(7m-1)/2 be the edges joining vm+1 vm+2 , vm+2 vm+3 , … , v2m-

1v2m respectively. Let e(7m+1)/2 , e(7m+3)/2 , . . . , e(9m-3)/2 be the
edges joining v2m+1 v2m+2, v2m+2 v2m+3, … , v3m-1v3m

respectively.
We define the vertex labelings as follows:

0f( ) = 0v (1)
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(3)

From (1), (2) and (3) we can see that all the vertices
have distinct labelings.

We define the edge labelings as follows: Let g be the
mapping defined by g(xy) = = | f(x) - f(y) | . Let us prove
that ‘g’ is an bijection from E(G) to { 1, 3, 5, 7, . . . , (2q-
1)}

i 0 2i -1g(  ) = | f( )  -  f( ) |

         =  | 2q  - 2i + 2 |,          for 1 i (m+1)/2 
e v v

(4)

i 0 2i -2g( ) = | f( )  -  f( ) |

        =  |  2i - m - 2 |,   for (m+3)/2 i (m+1) 
e v v

(5)

i 0 2i -3g( ) = | f( )  -  f( ) |

        = | 8m -2i +1|,   for (m+2) i (3m+3)/2 
e v v

(6)

(2i-3m-1)/2(2i-3m-3)/2ig( ) = | f( )  -  f( ) |

        = |2q- 2i - m + 4|, for (3m+5)/2 i (5m+1)/2 
e v v

(7)
(2i-3m-1)/2) (2i-3m+1)/2)ig(  ) = | f(  - f(  |

        = | 13m - 2i - 2 |, for (5m+3)/2 i (7m-1)/2 
e v v

(8)
(2i-3m+1)/2) (2i-3m+3)/2)ig(  ) = | f(  - f(  |

        = | 10m - 2i -1 |, for (7m+1)/2 i (9m-3)/2 
e v v

(9)
Let E1, E2, E3, E4 , E5, E6 be sets of the edge labels

given in equations (4) to (9) respectively. Then
E1 = { (2q -1), (2q -3), . . . ,(8m -3)}
E2 = { 1, 3, 5, 7, . . ., m}
E3 = { (6m -3), (6m -5) , . . . , (5m -2)}
E4 = {(5m -4) , (5m -6) , . . . ,3m}
E5 = {(8m -5) , (8m - 7) , . . . , (6m -1)}
E6 = {(3m -2) , (3m -4) , . . . , (m+2)}

By denoting E = E2 ∪ E6 ∪ E4 ∪ E3 ∪ E5∪ E1 we can
note that E = { 1, 3, 5, 7, . . . ,(2q-1)}. This shows g: E(G)→ { 1, 3, 5, 7, . . . , (2q-1)} is indeed a bijection. Hence G
satisfies the odd graceful labeling hypothesis. Hence all
Subdivided shell flower graphs are odd graceful.
An illustration is given in the figure 2.
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Fig.2. An odd graceful Subdivided shell flower graph
when m = 9, n = 28, q = 39

III. CONCLUSION

We defined Subdivided shell flower graphs and proved
that they are odd graceful. We can extend this to multiple
subdivided shells with many petals.
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mapping defined by g(xy) = = | f(x) - f(y) | . Let us prove
that ‘g’ is an bijection from E(G) to { 1, 3, 5, 7, . . . , (2q-
1)}

i 0 2i -1g(  ) = | f( )  -  f( ) |

         =  | 2q  - 2i + 2 |,          for 1 i (m+1)/2 
e v v

(4)

i 0 2i -2g( ) = | f( )  -  f( ) |

        =  |  2i - m - 2 |,   for (m+3)/2 i (m+1) 
e v v

(5)

i 0 2i -3g( ) = | f( )  -  f( ) |

        = | 8m -2i +1|,   for (m+2) i (3m+3)/2 
e v v

(6)

(2i-3m-1)/2(2i-3m-3)/2ig( ) = | f( )  -  f( ) |

        = |2q- 2i - m + 4|, for (3m+5)/2 i (5m+1)/2 
e v v

(7)
(2i-3m-1)/2) (2i-3m+1)/2)ig(  ) = | f(  - f(  |

        = | 13m - 2i - 2 |, for (5m+3)/2 i (7m-1)/2 
e v v

(8)
(2i-3m+1)/2) (2i-3m+3)/2)ig(  ) = | f(  - f(  |

        = | 10m - 2i -1 |, for (7m+1)/2 i (9m-3)/2 
e v v

(9)
Let E1, E2, E3, E4 , E5, E6 be sets of the edge labels

given in equations (4) to (9) respectively. Then
E1 = { (2q -1), (2q -3), . . . ,(8m -3)}
E2 = { 1, 3, 5, 7, . . ., m}
E3 = { (6m -3), (6m -5) , . . . , (5m -2)}
E4 = {(5m -4) , (5m -6) , . . . ,3m}
E5 = {(8m -5) , (8m - 7) , . . . , (6m -1)}
E6 = {(3m -2) , (3m -4) , . . . , (m+2)}

By denoting E = E2 ∪ E6 ∪ E4 ∪ E3 ∪ E5∪ E1 we can
note that E = { 1, 3, 5, 7, . . . ,(2q-1)}. This shows g: E(G)→ { 1, 3, 5, 7, . . . , (2q-1)} is indeed a bijection. Hence G
satisfies the odd graceful labeling hypothesis. Hence all
Subdivided shell flower graphs are odd graceful.
An illustration is given in the figure 2.
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Fig.2. An odd graceful Subdivided shell flower graph
when m = 9, n = 28, q = 39

III. CONCLUSION

We defined Subdivided shell flower graphs and proved
that they are odd graceful. We can extend this to multiple
subdivided shells with many petals.
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