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|. INTRODUCTION

Many known types of negative dependence suc
Negatively Associated (NA) andNegatively Orthan
Dependence (NOD) etc. have developed on the naofic
pairwiseNQD. In (Joadev and Proschan [1]), it wi
pointed out that an NA sequence is N' and gave an
example that is NOD but not NAn particular, amon
them the Negatively ssociated (NA) class is the mt
important and special case of pairwise NQD clasl has
wide applications in reliability theorand multivariate
statistical analysis. Wangtal. [2] gave an example that
pairwise NQD but not NA. In addition, it is easiégel
that an NOD sequence is pairwise NQD from the cpr
of NOD (see [2]), but thereverse is not true. Thu
pairwise NQD squences are sequences of wider sc
which are weaker than NA and NOLCequences. It is
therefore significant to studprobabilistic propertie of
this wider pairwise NQD class. So far, many lint
properties on pairwiseNQD sequences have be
discussed, for instance, Matula [3] obtained t
Kolmogorov strong law of largewumbers for pairwis
NQD random variable sequences with the sa
distribution. Wang et al. [4] obtained the Marciekicz
weak law of large numbers witthe same distributior
Wang etal. [2] obtained the strong stability for Jamis
typeweighted product sums and the Marcinkiewicz str
law of large numbers for produstims of pairwise NQI
sequences. Wu [5] gave the Kolmogc-type inequality
and thethree series theorem of pairwisQD sequences
and proved the Marcinkiewicz strong | of large
numbers. Chen [6] generalized the results of Mdilao
the case of non identicalistributions under some mi
condition. Wan [7] obtained the law of large nunsbanc
complete convergenc®rf pairwise NQD sequences. G
et al. [8] obtained the strongtability for pairwise NQC
sequences. Zhao [9] obtained the almost st
convergenceroperties and growth rate for partial sum:
a class of random variable sequences L moment
condition. In addition, Wu [10] obtained the stro
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convergence rate of mixingequence based on mom
inequality and the truncation method of randomalalgs
and so forth.

Inspired by the papers above, we present the steam
of large numbers for pairwi NQD by using the
truncation method below, which extends the corre-
ding result ofpairwise NQD random variables. |
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where I(A) denotes thimdicator function of the event /
DenoteS, = Y%, a X;, 5% = Y, ax™®.

The symbols C, ¢ G, ... stand for generic positi\
constants not depending on «,u andr are positive
numbers not depending on n and log X repres
log,(max(x, €)).

Il. PRELIMINARIES AND MAIN RESULT

Let X,,,n > 1 be a sequence of random variables def
on a probability spag€, F, P). Lehmann [11] introduce
the concept o Negatively Quadrant ependent (NQD)
sequences; we have

Definition 1.1. Two random variables X and Y are s
to be NQD if for all realnumbers x and the joint
probability density is less than or equal to thedpict of
their marginal probability densitie

ie. PX<x,Y<y)SPX<x)P(Y<y).

A sequence of randowariables X,,n > 1} is said to
be pairwise NQD ifX; and X;are NQD for anyl,j €
Ntand i # ;.

To prove the main results, it is necessary to St
following Lemmas;

Lemma 1.1([11]) If random variables X and Y a
NQD, then

(i) EXY ) < EX)E(Y);
(IPX>x, Y >y) < P(X>X)P(Y >y),Vx,y ER;
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(i) If f and g are both nomlecreasing (or ne 2k+1 ot
increasing) functions, then f(X) agdY ) are NQD Ay = - X" > 292 /(k + 1)),
Lemma 1.2 ([5]) Let {X,,n = 1} be a pairwise NQI E =L(_ max 15| > 26/7g)
sequence WithE(X,) = 0 andE(X2) < cofor all n > 1. kT \zksncokttion '
_ itk .
Denote Tj(k) = X;j,, Xi,j 2 0. Ther It is clear to check that
JHK Ep = ExAy + E A
E(T;(k))? < Z EX? phr
< Gt 51> 2776) | (U. axd"
and =t
> 2K/ + 1)“)).
2 j+n 2
E(22 (T,(K)) ) < Clog? n %27,  EXZ. ()
Hence

Lemma 1.3([12]) Let{X,,n =1} be an arbitrary
random variable sequence. there exists some rand ©
variable X such thaP(|X,| = x) < CP(|X| = x) for any Z P (zk maX s, > Zk/rg)

x>0 and r 1, then for any> 0 and t > ( &~ =n<2*!

® 2k+1
ENXoPI(X,] < 8) < C (EIXIPI(X| < £) + tEP(IX] > £)) (2) < Z p <U (X,

— i=1
and 2k+1

> )

E|X,|P1(1X,] > t) < CEIXIPI(IX| > ©). ®3) (k + 1)¥
Theorem: Let {X,,n =1} be a pairwise NQD sequen + Z P (2k<n21§;§+1 S‘r’(lk)| > 2k/rs)
with EX,, = 0 for all = a
n> 1. Suppose that there exists a random variableck =1L+,

that for anyx> 0 and n> 1,

If we can obtain that;<co andl,<co, by Borel-Cantelli
P(|X,| = x) < CP(|X| = x). 4 Lemma, expression (7) abokelds

Firstly, we will check;<co. By inequalities (4 and (5)
If there exist constants<lr < 2 anda> (3r/2)— (r + 1) above, and £r<u<e, it follows tha
such that

2k+1

had had 2k+1
E(IX["log®|X]) < oo, 5 h= Z Z ('X' e+ D m) CZZ"””(”‘"' "l w)
(oo o 2 2}+1
<c - r
then < Z Z (l“ < IX] <(j+ 1)H>
lim ,-1/76 =0, a.s. (6) e d 2 2+
n—-oo n ) =C 2k+1 —_ X" <
| | _ Z,Zl m = A (]+1)M)
Proof For any integen, there exists some integk = - o Qi1
k(n) such thakk < n < 2k+1, =4(, z 2p (j_“ <X < W)
hence j=1 J K
<g
-1/r -k/r < 2j a 2j
n~ TS, | < MaX,k_, k1 (2 [S.]) +4C12j_u(j_“10g h) E<Ij—uS|X|r
j=j0
It suffices to show that < 2 >
max  27%7|s,| -0, as k-0 (7) G+ Du
2k <okt
(where j, satisfies that for j > j,, (j — ulogj)*>0
(—nlog H*
Take and 1< j# )
r<p <r+1and for any > 0, denote
= 27 2
S+ <c,+Cs Z E{lerlogalel(,— < X" < ,—)}
A=) axdr <21 /0e+ 1w, = s U+ Dr
i=1
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<G+ C3E (|X|rlog“|X|) < 0. (8)
Next, we will checH,<co. By EX;= 0, and expression (3
(4),and (5), and Lemmal.3 and taking ffficiently large
such thatk + 1 —pulog (k + 1))*> 0, we hav

max |ES7(1k)
2k <n < 2K+ 2 [Ex ()|
zk/r - i=1 2k/r
2k+1 k+1
< —k/rz . N L
<2 . {E|XL|1<|XL| > (k+1)ﬂ>
Ue+1)/7 o (k+1)/7
Tt D <| > GeF 1)u/r>}
K 2k+1 k+1
< C2” TZ E|X|I| |X]" > —
i=1 { X (l | (k + 1)”)
QUe+1)/7 o (k+1)/7
—_p(1X] > ———
TG <' e 1)u/r)}
X 2k+1 k+1
< 2C2° rz E|X|I{ |X|" > ———
_Elx] <| | (k+1)u)
E(|X|r10g |X])
272D (k +1—plog (k + 1))
_Csmﬁoask—?w.
Hence

max |ES,(Lk)|<§for k sufficiently large.Thus,

—k/r
2Tk < < pkh

max

|2S Cs + Zl?:lp <2k <n< 2k+1 (9)

|s,(lk)—Es,(lk)|>2k/Ts/2)

Xl.(k)—EX(k)|s a nondecreasing function, w

x® —

Since

have by applying Lemma 1.1(iiijpbove that{

EXik,<i<nis still a pairwise NQD sequence with me
zero. Hence byexpression (9) above and, Mark
inequalities, (1), and (2) and @equality, it follow: that

il () _poto?
L < Co+ Z 2—2k/rE<2k Sl’zaz 2k+1|5n —-ES, | )
k=1
2
<C6+ZZWT 1<n<2k+ )
2
o Z E|Xr(lk) _ EXr(lk)|2
k=1 i=1 s
I

k=1
kZ k¥t
<Co+ 67272 (XZI(IXIr ))
= Y

k=14T

n

Z X(k)

i=1

EX| (k)

o Kt1n2 k+1
log 2
< Cs ( 8 )
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o) Z(kﬂ)

2 P
SC6+C7Z —z 2" : —r (x| > }
Lo vn) Gy

=:Cg + Cyly1 + C7155.

Forl,,, itis clear to check the fact tl 377, n(;;l) <

2
= for anyn >1 andd> 0.Without loss cgeneralities,

m+1

2‘)’)’1
we assume— < ,m=1land A4, = {— <|X|"<
(m+1)u m mH

2m+1m+1/1 Noting that 1<7<2, r< u<r+1, a>(3r/2
)— (r+ 1) andE(|X|"log®|X|)<co, One has

© k
Iy = Z K2k (EX 2|xI" <2) + ZEXZI(Am))
k=1 m=1
© k
= CB + Z(zkzzkﬂfzk/r)EXZI(Am)
m=1 k=m
|2—r
<Co+ cgzm 27 B IX|Tlog®IX] 7 o] )

m=1

© 2m
2

2-r/r

w 2" 1
< (Cg+C Z 2" — ———E|X["log®|X|i(a,
8 10 m ((m+1);4> (]ogﬂ)a IX|"log®|X11(a,)

m=1

<Co+Cyy Z e g X [T log® | X 1(a,).

m=1

Since a > r, we can takeu such the a>2+ u—
2 u/r. There by
I21=< Cg + Ci1E(|X]" log| X]) < oo. (11)

k+1

(k+ 1)#)

.
Ly < csz KT 2R EI(X]T >

k=1

< clzz K2ee2mirg (|x|r1(|x|’ >
k=1

Qk+1
(k + 1)ﬂ)>

o o - n
2
= Coo ) KDY BT (Aan)) = Cuz Y XTI (Ayns)) ) 207
k=1 m=k m=k k=1

o

2_ 3Ty
< Cis ) MY BN (Aen)) < Cos ). m S PEAXT T (Aei)
m=1 m=k

@ mE)-e+2

< e — r a
CiatCis Z i Hlog(mﬂ))amm 10g“IX1/ (Ame1))

< CuutCos Z E (X170 X 11 (A 1))
m=1

(12)

< Ciat+CisE(IX] og?|X|) < oo.

By (10){12), we have shown thil,<co. Combing (8)
with (7), it is seen that expressi (6) holds. The proof of
the desired result is completed.

Remarkin the process of provinl,<co, we refer to the
method on the proof oTheorem 5.4.2 in [12], but tt

choices of truncation random variable{Xl.(k),l <i <
nand the specific parameterare dfferent.
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